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Introduction
Glass thermometers are widespread in laborato-

ry and industrial practice due to the high accuracy, 
cheapness, ease of use [1]. Their measurement range, 
depending on the thermometric fluid used (mercury, 
toluene, ethyl alcohol, kerosene, petroleum ether, pen-
tane), extends from ‒200 to +750 °C.

Glass thermometers, like other measuring instru-
ments, need periodic calibration. In this case, in ac-
cordance with the requirements of the standard ISO/
IEC 17025 [2], it is necessary to evaluate the meas-
urement uncertainty. The main method for calibrating 
these thermometers is to compare them with a refe-
rence thermometer using a transfer device (thermostat). 
In the process of calibrating a thermometer, the diffe-
rence Δ between the indications of the calibrated ther-
mometer and the reference thermometer is estimated, 
thus determining the systematic error of the calibrated 
thermometer at the calibration point [3].

Since the measurements by both thermometers are 
carried out simultaneously under the same conditions, the 
instability of the temperature of the thermostat causes a 
statistical interrelation (correlation) between their indica-
tions, which must be taken into account when developing 
the procedure of measurement uncertainty evaluation.

Analysis of literary data and problem statement

Currently, the efforts of Working Group 1 (WG-1) 
of the Joint Committee for Guides in Metrology 

(JCGM) are focused on revision the Guide to the Ex-
pression of Uncertainty in Measurement (GUM) [4]. 
The reason for the revision is the inconsistency of the 
uncertainty estimates obtained by the GUM method 
[5] and estimates obtained by the Monte Carlo Method 
(MCM) in accordance with Supplement 1 to the GUM 
[6]. Since [6] is based on the Bayesian approach to 
the measurement uncertainty evaluation, this approach 
should also be used in the revised Guide (NewGUM). 
In this case, it is necessary to consider the issues of 
taking into account correlation in the measurement 
uncertainty evaluation [7].

The purpose and objectives of the study

The article considers the procedure for measure-
ment uncertainty evaluation based on the Bayesian 
approach [4], which implements the kurtosis method 
proposed by the authors [8]. To determine the relia-
bility of the developed procedure, one should compare 
its results with the results obtained by the Monte Carlo 
method [9].

Measurement Uncertainty Evaluation Algorithm

1. Measurement model.
The error of indication EX  of the calibrated ther-

mometer obtained from the relation:

E T T
X Tc c s s
� � � � �( ) ( ) ,� � �  (1)
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where Tc  is the temperature indicated by the 
calibrated thermometer; Ts  is the temperature 
indicated by the reference thermometer; ∆s  is the 
correction due to calibration error of the reference 
thermometer; �

c
 is the correction due to the finite 

resolution of the calibrated thermometer; ∆T  is the 
correction due to the temperature unevenness inside 
the thermostat.

2. Input quantities evaluation of the equation 
(1).

Estimates Tc  and Ts  are obtained according to 
expressions:
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where T
ci

,  T
si

 are indications of calibrated and 
reference thermometers; n  is the number of 
indications.

All corrections in expression (1) are centered va-
lues, so their estimates are zero:

�
c
0;  


�
s
� 0;  



�
T
� 0.  (4)

3. The estimate of the measurand EX  is obtained 
by substitution of input quantity estimates (2)‒(4) in 
the equation (1):
   

E T T T T
X Tc c s s c s
� � � � � � �( ) ( ) .� � �   (5)

A similar estimate of the measurand can also be 
obtained by the reduction method [10]:
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4. Standard uncertainty evaluation of input 
quantities:

‒ standard uncertainty caused by the dispersion 
of calibrated thermometer indications:
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‒ standard uncertainty caused by the dispersion 
of the reference thermometer indications:
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‒ standard uncertainty due to the finite resolution 
of the calibrated thermometer:

u d
( ) ,�

c
�

2 3  
(9)

where d  is the resolution of the calibrated ther-
mometer;

‒ standard uncertainty of the reference ther-
mometer:

u U
k

( ) ,�
s

s

s

�  (10)

where Us  and ks , respectively, the expanded 
uncertainty and coverage factor taken from the 
reference thermometer calibration certificate;

‒ standard uncertainty associated with the tem-
perature unevenness in the thermostat:

u( ) ,
T

T

3
 (11)

where �
T
 is the limit of temperature unevenness in 

the thermostat.
7. Determination of pairwise correlation of input 

quantities
The change in temperature in the thermostat 

leads to a correlation between the indications of 
the reference and the calibrated thermometers. 
Estimate of coefficient of correlation is made by 
the formula:
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With a small number of measurements, it is nec-
essary to check the significance of the coefficient of 
correlation according to the Student’s criterion:

r

r
n t n

c,s

c,s1
2

2
0 95 2, ;( ) ,  (13)

where t n0 95 2, ;( )−  is the Student’s coefficient for the 
probability of 0.95 and the number of degrees of 
freedom n − 2 . If inequality (13) is performed, the 
correlation between the Tc  and Ts  is considered to 
be established and should be taken into account at 
measurand uncertainty evaluation.

The standard uncertainty of the measurand is calculated according to the formula:

u E u T r u T u T u T u u u( ) [ ( ) ( ) ( ) ( )] ( ) ( ) (
X Tc c,s c s s c s

+  +� � � �2 2 2 2 2
2 � � � )).

        (14)
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If there is a correlation between the reference 
and calibrated thermometer indications, the reduction 
method and a simpler expression to calculate u E( )

X
 

can be used:

u E u u u u( ) ( ) ( ) ( ) ( ),
X T

 +
c s

� � �2 2 2 2� � � �  (15)

where u( )∆  is standard uncertainty of observed 
dispersion of the varying indications of thermometers 
will be determined like that:
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9. Calculating expanded uncertainty:

U k u E� � ( ),
X

 (17)

where the k  coverage factor for the confidence level 
is 0.95 calculated by the formula [7]:
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and η  is the kurtosis of the distribution of the 
measurand, determined as:
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or when evaluating by the reduction method:
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where the kurtosis values of input quantities are taken from Table 1 in accordance with their distribution laws. 
With this � � �( ) ( ) ( ) ( ).� � � � �T T n

c s
6 5

Table 1
Kurtosis values for different input distribution laws

Distribution law Arcsine Uniform Triangular Normal Student’s with the number of degrees of freedom ν

Kurtosis ‒1.5 ‒1.2 ‒0.6 0 6/(ν-4)

10. Uncertainty budget
All above obtained information on input quantities and measurand is summarized in Table 2, which is an 

uncertainty budget.

Table 2
Uncertainty budget of measurement at thermometer calibration

Input quantities The values of 
input quantities

Standard 
uncertainty of input 

quantities

Kurtosis
of input 

quantities
Sensitivity 
coefficients

Uncertainty
contribution

Tc Tc u T( )
c
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Measurand The value of the 
measurand

Combined
standard uncertainty

Kurtosis of 
measurand

Coverage 
factor

Expanded 
uncertainty

EX



EX u E( )
X

η k U

The uncertainty budget is convenient to use as a basis for building a software tool to automate the process 
of measurement uncertainty evaluation. The uncertainty budget with applying the reduction method is shown 
in Table 3.
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Table 3
Uncertainty budget of measurement at thermometer calibration (reduction method)

Input 
quantities

The values of 
input quantities

Standard uncertainty 
of input quantities

Kurtosis of 
input quantities

Sensitivity 
coefficients

Uncertainty 
contribution
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An example of measurement uncertainty evaluation

Indications of calibrated and reference glass ther-
mometers are shown in Table 4.

Table 4

Calibrated Tci and reference T
si  thermometer 

indications

I 1 2 3 4 5 6
T
ci, °С 9.97 9.95 9.94 9.95 9.96 9.97

T
si , °С 9.98 9.97 9.96 9.97 9.98 9.98

∆i , °С ‒0.01 ‒0.02 ‒0.02 ‒0.02 ‒0.02 ‒0.01

The resolution d  of calibrated thermome-
ter is 0.1 ºC. Expanded uncertainty Us =0.05 °C 
and coverage factor k

s
= 2  are taken from the 

certificate of calibration of the reference ther-
mometer. The limit of temperature unevenness 
T
0 004.  °C is taken from the passport of the 

thermostat. The uncertainty budget for these data 
is listed in Table 5.

The uncertainty budget for the reduction method 
is presented in Table 6. The results of the measure-
ment uncertainty evaluation for this example, ob-
tained by the Monte Carlo method, are presented in 
Table 7 and completely coincide with the results of 
Tables 5 and 6.

Table 5
Uncertainty budget when calibrating the thermometer at point 10 ˚C

Input 
quantities

The values of 
input quantities

Standard uncertainty 
of input quantities

Kurtosis of 
input quantities

Sensitivity 
coefficients

Uncertainty 
contribution

Tc 9.956667 0.006383 6 1 0.006383
∆c 0 0.002887 ‒1.2 1 0.002887
Ts 9.973333 0.004303 6 ‒1 ‒0.0043
∆s 0 0.0025 0 ‒1 ‒0.0025
∆T 0 0.002309 ‒1.2 1 0.002309

Measurand The value of the 
measurand

Combined
standard uncertainty

Kurtosis of 
measurand Coverage factor Expanded 

uncertainty
EX ‒0.01667 0.005227 0.283619 1.97597 0.010329

Table 6
Uncertainty budget when calibrating the thermometer at point 10 ˚C (reduction method)

Input 
quantities

The values of 
input quantities

Standard uncertainty 
of input quantities

Kurtosis of 
input quantities

Sensitivity 
coefficients

Uncertainty 
contribution

∆ ‒0.0167 0.002722 6 1 0.002722

∆c 0 0.002887 ‒1.2 1 0.002887
∆s 0 0.0025 0 ‒1 ‒0.0025
∆T 0 0.002309 ‒1.2 1 0.002309
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Measurand The value of the 
measurand

Combined
standard uncertainty

Kurtosis of 
measurand Coverage factor Expanded 

uncertainty
EX ‒0.01667 0.005227 0.283619 1.976 0.01033

Table 7
Monte Carlo measurement uncertainty evaluation results

Measurand The value of the measurand Combined standard 
uncertainty Coverage factor Expanded uncertainty

EX ‒0.01667 0.005227 1.974 0.01033

Conclusions
1. The procedure of the measurement uncertain-

ty evaluation at glass thermometer calibration, based 
on the Bayesian approach and the kurtosis method, 
is described.

2. Applying the reduction method to process cor-
related measurements makes it easier to calculate the 
measurement uncertainty.

3. The procedure is illustrated by a specific exam-
ple, the results of which showed a complete agreement 
with the results of the calculation by the Monte Carlo 
method.

4. Taking into account the correlation between the 
measurement results of calibrated and reference ther-
mometers allows to reduce the values of combined and 
expanded measurement uncertainties by almost 1.5 times.
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Анотація
Досліджено методику калібрування скляного термометра методом звірення з еталонним термометром за 

допомогою приладу порівняння (термостата). Згідно з вимогами стандарту ISO/IEC 17025 розроблено процедуру 
оцінювання невизначеності вимірювань. В основу цієї процедури покладено байєсівський підхід та розроблений 
авторами метод ексцесів. Застосування цих прийомів дозволяє наблизити оцінки невизначеності вимірювань, 
отримані запропонованим методом до оцінок невизначеності вимірювань, отриманих методом Монте-Карло 
відповідно до Додатку 1 до Настанови з подання невизначеності вимірювання. Під час обчислення сумарної 
стандартної невизначеності вимірювань проводиться облік кореляції між показами термометра, що калібру-
ється, та еталонного термометра. Наявність кореляції викликана одночасними вимірюваннями в одних умовах 
температури обома термометрами та нестабільністю температури термостата. Продемонстровано ефективність 
застосування методу редукції при розрахунку невизначеності корельованих вимірювань. Складено бюджети 
невизначеності, які можна використовувати як основу для розробки програмного засобу з метою автоматизації 
оцінювання невизначеності вимірювань. Отримано формули для обчислення ексцесу вимірюваної величини 
з урахуванням кореляції між вхідними величинами при використанні загальноприйнятого методу обчислення 
невизначеності та методу редукції. Розглянуто реальний приклад оцінки невизначеності вимірювань під час 
калібрування скляного термометра. Показано, що облік кореляції між результатами вимірювань термометра, 
що калібрується, і еталонного термометра дозволяє знизити значення сумарної та розширеної похибок вимі-
рювань майже в 1,5 раза. Продемонстровано збіг результатів, отриманих запропонованим методом і методом 
Монте-Карло.

Ключові слова: термометр скляний; калібрування; кореляція; невизначеність вимірювань; байєсівський підхід; 
метод ексцесів; бюджет невизначеності.
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Аннотация
Исследована методика калибровки стеклянного термометра и разработана процедура оценивания неопределен-

ности измерений на основе метода эксцессов. При оценивании неопределенности производится учет корреляции 
между показаниями эталонного и калибруемого термометров. Продемонстрирована эффективность применения 
метода редукции при расчете неопределенности коррелированных измерений. Составлены бюджеты неопределеннос-
ти, которые можно использовать в качестве основы для разработки программного средства с целью автоматизации 
оценивания неопределенности. Рассмотрен реальный пример оценки неопределенности измерений при калибровке 
стеклянного термометра. Показано, что учет корреляции между результатами измерений калибруемого и эталонного 
термометров позволяет снизить значения суммарной и расширенной погрешностей измерений почти в 1,5 раза. 
Показано совпадение результатов, полученных предлагаемым методом и методом Монте-Карло.

Ключевые слова: термометр стеклянный; калибровка; корреляция; неопределенность измерений; метод 
эксцессов; бюджет неопределенности.
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