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Mathematical model of high-precision reproduction of alternating current

1.   Introduction
Precision electrical instruments, including digital 

ammeters, electricity meters (meters having measuring 
circuits, both alternating current (AC) and voltage), are 
widely used in the power industry and must have pro-
ven accuracy. A significant amount of electricity pro-
duced in Ukraine is annually exported for the billions 
of Ukrainian hryvnia. Loss of accuracy of electricity 
meters can result in an annual multimillion-hryvnia 
loss for the national economy. The reference instru-
ments are used to verify metrological characteristics. 
Insufficient level of precision of metrological assu-
rance hinders the development of national production 
of measuring equipment and testing equipment for AC, 
and also makes it impossible to recognize these pro-
ducts at the world level. The most accurate means of 
metrological assurance of measuring instruments are 
the state primary measurement standards. In [1] the 
problem of the lack of a legally approved measurement 
standard of alternating current unit was pointed out 
and the direction of its solution was suggested.

All of the world’s existing measurement standards 
of AC unit use the following measurement methods: 
AC/DC comparison method with a precision ther-
moelectric converter and shunts, method of reprodu- 
cing an alternating current unit using multifunctional 
calibrators or precision meters with well-defined and  

studied metrological characteristics as well as the me-
thod of determining the magnitude of the current cal-
culating by Ohm’s law for too small currents [2]. Given 
the level of national scientific, technical and economic 
development, it is advisable to use as a guideline the 
experience of operating the national measurement stan-
dards of countries with similar indicators of the over-
all development of the country, such as Poland, the 
Russian Federation, Turkey or Hungary. In all of the 
countries listed above, the method of constructing the 
high-precision measurement standards is based on the 
method of thermoelectric AC/DC comparison using 
thermal converters and shunts [3, 4].

The purpose of the paper is to highlight the results 
in creating the high-precision measurement standard of 
AC unit, in particular: to outline the theoretical basis 
for the operation of the measurement standard, to de-
rive a mathematical model for AC unit reproduction.

2.   Theoretical basis for creating a high-precision mea-
surement standard of alternating current unit

Unlike direct current (DC), the amplitude of the 
alternating signals, that is, the power or voltage of the 
AC, periodically changes the polarity, and their instan-
taneous value is not a constant in the interval between 
the change in polarity. Each instantaneous AC value 
has a specific amplitude and polarity. DC and AC 
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are equivalent in the sense of producing an identical  
average power dissipated on pure active resistance.  
Average power is dissipated as a heat which is mea-
sured in turn by a sensor that has a direct dependence 
of the output value on temperature, and this output 
provides a direct voltage signal proportional to the in-
put temperature. The devices of such a kind are called 
thermoelectric converters.

As the main elements of the created measurement 
standard should be a precision thermal converter and 
a precision shunt, it is necessary to consider the pecu-
liarities of their design and application. The transition 
from AC to DC based on the use of thermoelectric 
converters to measure the average power produced by 
AC on an active resistance for comparison with the 
value produced by an equivalent DC on the same resis-
tance [5]. The comparison of AC and DC is most often 
done using a thermoelectric converter which measures 
the AC and DC voltage drop along the current shunt.

The sensing element of a thermal converter is a 
thermal element, that is, a short heating conductor with 
an electrically isolated thermocouple [6]. Furthermore, 
both elements are placed in a glass evacuated shell. 
Alternately, DC and AC input signals are applied to 
the input of the thermal converter, causing the current 
of a corresponding kind to flow through the heating 
element, resulting in a temperature rise that is reflected 
in the thermocouple output signal.

The maximum value of the current measured by 
the current thermal converter is determined by the 
cross-section of the heater which is directly connected 
to the circuit where the measured current flows. The 
range of the currents that can be measured by the ther-
mal converter is from milliamperes to tens of amperes.

The maximum frequency of the measured cur-
rent depends on the cross-section of the heater and 
its length and at the minimum size reaches hundreds of 
megahertz. The main advantage of the thermoelectric 
converters based on thermocouples is the independence 
of such device readout from the shape of the input 
signal curve, as a consequence, the high accuracy of 
comparing DC and AC values. The disadvantages in-
clude the nonlinear dependence of the output signal 
and the inadmissibility of overloading the input circuit 
of the thermal converter. Unlike the previous type of 
thermal converters, root-mean-square (RMS) sensors 
have almost linear dependence of the output signal on 
the input signal.

A precision thermal comparator, which is part of 
the created measurement standard, namely Fluke 792A, 
contains an RMS sensor in its design. The current 
through the input circuit of such a thermal compara-
tor should not exceed 6 mA [7]. To extend the range 
of measured current to the required specifications, a 
set of precision A40 shunts is used, and the output 
voltage of A40 shunt must be supplied to the input of 
the Fluke 792A thermal comparator.

An elemental shunt is a low-ohm resistor and it 
performs the function of converting the electric cur-
rent into the voltage [8]. The main disadvantage of 
the shunt is the lack of galvanic isolation between the 
circuit in which the measured current flows and the 
chain of information processing. The shunts are made 
of materials with high resistivity and low-temperature 
coefficient (constantan, manganin, nickel, etc.) so that 
the increase of the shunt temperature during the cur-
rent flow in it does not cause changes in the output 
thermo-EMF of the thermocouple. Uncertainty of the 
measuring shunt depends on the parameters of sur-
rounding air (most of all a temperature), a presence of 
a reactive component of resistance, a stray capacitance. 
The coaxial A40 shunts, manufactured by Fluke, are 
specially designed to reduce shunt inductance to low 
values [8].

The created measurement standard includes the 
elements needed to determine the equivalent value of 
DC, namely, the measure of electrical resistance to 
the DC and the precision meter of its output voltage. 
Their influence on the result of the reproduction of the 
AC unit goes to negligible values compared with the 
influence of the main elements discussed above, that 
is, precision shunts and a thermal comparator whose 
total contribution is an order of magnitude higher.

The measurement cycle typically lasts from three 
to six minutes and consists of several steps of applying 
AC and DC in turns [9]. This minimizes the influence 
of thermoelectric effects in the middle of thermal con-
verters and drifts during measurement. It is necessary 
to control the value of the output signal of the refe-
rence thermal comparator Fluke 792A from the com-
plement of the created measurement standard, which 
has a negligible drift value compared with a thermal 
converter that obtains the transmitted size of AC unit. 
If the unit size is transmitted to a precision meter or 
current source, this will eliminate the five-minute drift 
of these measuring instruments.

3.   Derivation of mathematical model for alternating cur-
rent unit reproduction

The AC unit can be disseminated in several ways 
through measuring instruments (precision AC sources, 
precision AC meters, precision thermoelectric conver-
ters) calibrated using the national measurement stan-
dard of AC/DC current transfer. The smallest mea-
surement uncertainty can be achieved with the use of 
thermal converters. However, the absolute value of the 
AC unit is not disseminated from the national mea-
surement standard of AC/DC current transfer, but the 
relative difference between the values of AC and DC 
is determined. The AC/DC current transfer difference 
has an expression:
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where ІAC is an average value of AC through an input 
circuit of a thermal converter;
ІDC is an average value of DC through an input circuit 
of a thermal converter.

To reproduce the alternating current unit, the cir-
cuit shown in Fig. must be implemented.

During the flow of AC ІAC through a precision 
shunt with an electrical resistance to AC ZSH (an im-
pedance), a voltage drop USH1 occurs on this resistance. 
The alternating current is determined by the expres-
sion:

  I U Z
AC SH SH

=
1

.   (2)

Measuring circuit for alternating current unit reproduction ZSH is a precision shunt; ТC is a reference thermal 
comparator; PV1, PV2 are the precision direct voltage meters; RМ is a standard resistance

Since  USH1  is the input signal for the Fluke 792A 
thermal comparator, bearing in mind the linear 
dependence of the output signal, one can obtain 
expression:

   I K U Z
AC AC SH
� �

1
,  (3)

where KAC is a characteristic conversion coefficient 
of the Fluke 792A thermal comparator for AC input 
voltage; U1 is an output DC voltage of the Fluke 792A 
thermal comparator when AC flows in the current 
circuit.

The output signal of the Fluke 792A thermal 
comparator is DC voltage, and it should be measured 
by a precision DC meter (PV1). The correction of the 
measurement of the Fluke 792A output signals in the 
case of AC and DC flows can be considered the same 
since the voltage will not be significantly different. 

Depending on the frequency of the input signal, 
the characteristic coefficient KAC has a slight difference 
due to the design feature of the Fluke  792A thermal 
comparator (there are semiconductors, active and 
reactive elements that affect the precision of conversion 
to some extent). 

Taking into account the AC/DC transfer difference 
of the Fluke 792A thermal comparator, expression (3) 
can be represented as follows:

 
I K U Z
AC DC TC SH
� � �� � �1

1
� ,

  
    (4)

where KDC is a characteristic conversion coefficient 
of the Fluke 792A thermal comparator for DC input 
voltage; δTC is the AC/DC transfer difference of the 
Fluke 792A thermal comparator.

In the case of a DC flow IDC in the scheme of 
Fig. through a precision shunt with active electrical 
resistance RSH, a voltage drop USH2 occurs on this 
resistance. The direct current is determined by the 
expression:

   I U R
DC SH SH
=

2
.   (5)

Since USH2 is the input signal for the Fluke  792A 
thermal comparator, bearing in mind the linear 
dependence of the output signal, one can obtain from 
the expression (5):

   I K U R
DC DC SH
� �

2
,  (6)

U2 is an output DC voltage of the Fluke 792A thermal 
comparator when DC flows in the current circuit.

The internationally agreed definition of an error 
of a transfer from AC to DC, i.e., AC/DC transfer 
difference, is the relative difference between AC and 
DC, provided that the output thermo-EMFs are equal 
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in both cases. Taking into account expression (1) for 
determining the current AC/DC transfer difference, 
the Fluke 792A output signal by expression (6) (taking 
into account the AC/DC transfer difference of A40 
shunt) can be represented as follows:

  I K U Z
DC DC SH SH
� � � �� �2

1 � .  (7)

When DC flows through both a precision shunt 
and a standard resistance measure in series, the signal 
in proportion to the current is transmitted to the PV1 
and PV2 meter input. 

The process of reproducing an alternating current 
unit can be described by a system of equations:
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where U+ and U- are the average values of PV2 precision 
meter readout depending on the direction of DC flow; 
RM is the true value of the resistance of the standard 
measure; 
Udc+, Udc- and Uac are average values of PV1 precision 
meter readout depending on DC flow direction and 
AC frequency.

If we add the first two components of the system 
(8) and divide by two, we get:

   U U R U U K R
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   (9)

Continuing the transformation of the system (9), given the unequal coefficient K:
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Substituting KDC to determine the current in the lower member of a system (10), we obtain:

  I U U U R U U
AC TC SH ac M dc dc
� � � � � � �� � � �� �� � � �( ) ( ) .1 1� �  (11)

From the obtained expression (11), it can be seen 
that the value of AC is calculated by Ohm’s law based 
on the values of electrical resistance of the measure 
and the readout of the meter PV2. 

The AC/DC transfer difference of both the 
reference thermal comparator Fluke 792A and the 
shunt A40 should also be taken into account when 
reproducing the AC unit. These AC/DC transfer 
difference values depend on the ratio between the 
characteristic coefficients of the Fluke 792A thermal 
comparator and the ratio between the active and 
reactive components of the A40 shunt resistance (i.e., 
the frequency dependence of the output signals). 
The values of the voltage readout of PV1 indirectly 
influence on the value of current obtained since they 
should be the same in equation (1).

4.   Conclusion
The main elements of a high-precision mea-

surement standard of alternating current unit are a 
precision thermal converter, a precision shunt, precision 
DC voltage meters, a standard measure of electrical 
resistance. The determination of the magnitude of both 
the electrical resistance and the electric DC voltage is 
ensured with great accuracy to date. 

Since this cannot be said about alternating current, 
the main source of the measurement uncertainty 
in the reproduction of this physical quantity is the  

AC/DC transfer differences of both precision thermal 
converter and precision shunt. The AC/DC transfer 
difference of a precision thermal converter depends 
on the relationship between the DC voltage conversion 
coefficient and the AC voltage conversion coefficient 
depending on a frequency. 

The AC/DC transfer difference of a precision 
shunt depends on the relationship between the active 
resistance and the impedance depending on a frequency 
of current in a circuit.

A mathematical model for alternating current 
reproduction has been derived based on the 
analysis which allowed to identify the main influen-
cing factors that could distort the measurement  
results that are:

the values of AC/DC transfer difference of both 
precision thermal converter and precision shunt;

the resistance value of the standard resistance 
measure;

the value of the measured voltage at the output 
terminals of resistance measure;

the offset between these values of voltage due to 
the flow of direct current in different directions;

the difference between the output signals of 
thermal comparator due to the flow of the current of 
different polarity;

the difference between the output signals of 
thermal comparator depending on the frequency.
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Анотація
Роботу присвячено виконанню одного з етапів розвитку національної метрологічної служби – вирішенню про-

блеми метрологічного забезпечення виробництва та експлуатації прецизійних вимірювачів, джерел сили змінного 
струму й термоелектричних перетворювачів сили струму в галузях національної економіки. В Україні експлуатуються 
близько 250 одиниць прецизійних засобів вимірювальної техніки – еталонів, які на цей час не мають належного 
метрологічного забезпечення, їх метрологічні характеристики не підтверджені. Оптимальним рішенням зазначеної 
проблеми в галузі виробництва та експлуатації прецизійних вимірювальних приладів змінного струму є створення 
високоточного еталону. 

У роботі зазначено основні методи метрологічного забезпечення прецизійних вимірювань сили змінного струму, 
що використані при побудові національних еталонів країн світу. Здійснено аналіз прецизійних засобів, призначе-
них для вимірювання й компарування сили та напруги змінного струму, окреслено теоретичні засади створення 
високоточного еталону одиниці сили змінного струму. Для побудови еталону було обрано метод порівняння сили 
змінного струму з еквівалентною силою постійного струму із використанням прецизійного термоперетворювача та 
шунтів. Оскільки відтворення та зберігання одиниці сили змінного струму повинно реалізуватися за допомогою 
порівняння з еквівалентною силою постійного струму, основним джерелом невизначеності вимірювань цієї одиниці 
є комбінація невизначеностей вимірювань термоелектричного компаратора Fluke 792A та прецизійних шунтів А40.

Для моделювання процесу відтворення сили змінного струму застосовано міжнародно узгоджене визначення 
похибки компарування постійного та змінного струмів, проаналізовано вимірювальну схему, послідовність операцій 
і супутні електричні явища. У результаті було отримано математичну модель процесу відтворення сили змінного 
струму з урахуванням внеску прецизійних вимірювачів вихідної напруги міри опору і вихідного сигналу термо-
перетворювача.

Ключові слова: еталон; одиниця сили змінного струму; АС/DC перетворення; термоперетворювач; прецизійний 
шунт; невизначеність вимірювання.
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воспроизведения силы переменного тока
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Аннотация
Оптимальным решением проблемы метрологического обеспечения в области производства и эксплуатации 

точных измерительных приборов переменного тока в Украине является создание высокоточного эталона. Изложены 
теоретические основы создания таких эталонов. Для построения эталона был выбран метод сравнения силы пере-
менного тока с эквивалентной силой постоянного тока с использованием прецизионного термопреобразователя и 
шунтов. Поскольку воспроизведение единицы силы переменного тока должно быть осуществлено путем сравне-
ния с эквивалентной силой постоянного тока, основным источником неопределенности измерения этой единицы 
является комбинация неопределенности измерения термоэлектрического преобразователя и прецизионного шунта.  
В результате этой работы была получена математическая модель процесса воспроизведения силы переменного тока 
с учетом вклада прецизионных измерителей выходного напряжения меры сопротивления и выходного сигнала 
термопреобразователя.
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