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Abstract

The new extended mathematical model for evaluation uncertainties of indirect multivariable measurements, which upgrades the
method given in Supplement 2 of guide GUM, is presented. In this model the uncertainties and correlations of parameters of the
processing function are taken also into account. This model can be used for multivariable measurements and to describe the accuracy
of instruments and systems that perform such measurements. The estimation of uncertainties of voltage and current on the output of a
twoport network from indirect measurements on its input with considering influences the uncertainties of twoport elements is

included.
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1. Introduction

In the basic and technical research, in monitoring
and technical diagnostics, many physical quantities and
parameters have to be measured for characterize the
object under the test. In many cases there is no
possibilities to carry out direct measurements. Then
indirect methods must be applied. The international
recommendations for application of the method of
determination estimators of wvalues, uncertainties and
correlations in multivariable measurements are described
in Supplement 2 to the GUM.

Directly measured on input the n-element
measurand X is | processed to the output m- measurand Y
by relation

Y=F(X, P) (1)
In this paper are used such designations: X, Y -input and

output measurands; Xo,Yo - their initial values; X,Y —
vectors of estimators of n values x; and of m values y;; u,,
u, and Ug,, Us, — their absolute and relative standard
uncertainties; F(X), F(X,P) — ideal and real multivariable
functional of processing X to Y; Ug, Usr - its covariance
matrices; S =0dY/dX,Ss-sensitivity matrices for
absolute and relative uncertainties; Uy, Uy, Uyo, Usx, Usy,
Uyp — covariance matrices of X, Y; Up, U(P,X) -
covariance and correlation matrices of k parameters P of
the processing functional F of the measurement circuit

For the ideal functional F(-), i.e. when uncertainties of
its parameters P are negligible, the propagation of
absolute and relative variances of the t measurand X to Y
ones are:

Uy = S UXST (23.)
Usy = Uyo + S5 Usx—x,) S5 (2b)

.Even in the case when the basic multivariable relation (1)
is nonlinear, in the most cases for uncertainties of X and Y
as small deviations, their scatter regions can be defined by
a model of joint multidimensional normal probability
distributions. Then, for a given probability density p, the
distribution region for p >p, takes the form of a n- and m-
dimensional hyper-ellipsoids, if covariance matrix is
positive definite, with centers at the ends of their
averages.

Matrices Uy and Uy describe the cover regions of n
and m dimension probabilities if their det(U;) > 0 or
det(R;) > 0 as equal condition for matrix of the correlation
coefficients, called the correlator R. For example, the
relation between
matrix Uy and correlator R,, of the size 3D (3x3) is

Uy = u(X) R, u’(X) =
T

U, 0 0 1 pz pusl[tn O 0
=10 u, O0f|p, 1 P23l 0 u, 0
0 0 ug|lpis p2s 11]0 0 uy,
u)2c1 P12ux1ux2 p13ux1ux3
= | P12Uy, Ux, uazcz P23Uy, Uy, (20)
P13Ux Uxy  P23Ux, Uy, u;2c3

All, or some components of the vector Y of output
results can be next used separately or jointly. In the latter
case it is necessary to find and take in considerations also
the correlations between pairs of variables y;.

Relations (2a,b) for covariance matrices Uy, Us of
absolute and relative uncertainties of estimators y; of
results, obtained for indirectly observed m-dimensional
measurand Y, are the same whether the measurement
functional F(X,P) is linear or linearized by the first
derivative. All, or some components of measurement
results ¥ can be next used separately or jointly. In the
latter case it is also necessary to take in considerations the
correlations between variables y; of output measurand Y.

In many cases the indirect measurements of m —
components of the measurand Y are made now by
automatic measurement systems. If not, then a collection
of individual quantities of X should be synchronically
measured, and from above data both, of ¥ and covariance
matrices Uy, Uy externally calculated.

2. Basic formulas of the extended method

The actual GUM-S2 method [1] and earler literature,
e,g. [2 -5] do not cover situations of the not accurate
multivariable functional F(X, P), for example due to
approximation, the limited frequency range of transfer
function, uncertainties of passive and active elements,
AC/DC converters and analogue multipliers, and also


mailto:zlw@op.pl

when measurements are possible only indirectly via other
nonideal internal parameters of the tested object. In
precise measurements, the rounding of calculations also
becomes essential, including ones resulting from the
precision of the digital part of the circuit. In the
instrumental measuring systems, the real multivariable
processing function is ¥ = F(X,P) — eq. (3) given in
Table 1 [8,11]. The accuracy of indirect measurements of

the multivariable measurand Y depends on the uncertainty
and correlations of X and also on uncertainties and
correlations of its parameters P - formula (5a). The
relative uncertainty propagation is also given. Developed
is the extended formula (5) for the covariance matrix Uy,
which includes all influences on uncertainties u, and its
simpler cases (6) — (9a-c) given also in Table 1.

Table.1. Formulas of the extended method of estimate uncertainties of indirect multivariable measurements.

General Y=F(X,P) (Ug#0) 3
formula where: Y =[y1, ,..¥ml’, X =[x1, .. X217, P =[p1.DP2 - Dil” (3a,b,c)
Deviations AY = AF(X,P) = Sy p[AX, AP]" = Sy AX + SpAP 4)
(absolute errors) | here: Sy p - sensitivity matrix of function F(X, P) of dimensions [(n+k)xm],
Sx =S, Sp, S5 - sensitivity matrices of influence of deviations AX, AP or éx = ﬂ, 6p = 4
X P
e 9y, 9y, 9y1 0y1 x1 0y1 Xn 0y1
nsitivi —L —=L —= —= == L=
Sens t ty 0x, Oxn op1 Pk ¥1 0xq1 Y1 0xpn
matrices Sy=| - S,=| - |, Ss=]""- (4a,b,c)
of AX, 5X, AP 9ym 9ym 9ym 9ym X1 0ym Xn 0ym
0x1 0xp opy Opy Ym 0% Ym 0xn
Propagation Ux UqrsT
of variances Uy(X,P) = Sxp Uxp = [S,5] uT Up] S,T,] ©)
general case: Uy = Uyx + Uyp = SxUxSY + Uy (5a)
— T
V=5U5p#0 Uyr = S,U, S5 + SxUST + (SxUST)= S,U,S% +V + V7 (5b)
Covar_iance u)211 pylmuyluym- qucl PxinUx1Uxn
matrices: Uy = , Uy = (5¢,d)
Uy, Ux, Up; | Py1mUymUy1 uJZ/m Px1nUxnUx1 uzzcn
and matrix U [ uf,l pplkuplupk_ Pxip1Ux1Up1 Px1prUx1Upk
of X,P o= - I l (5e.0)
correlation _pplkupkupl ulz,k pxnpluxnupl pxnpkuxnupk
absolute _ T T
uncertainty Uy=5-Uy-S +Sp-Up-Sp ©)
relative _ T T
S | ncertainty Usv-vy) = SsUsx-x0)Ss + SspUspSsp )
>
B ¢ A Uyz UYA+UYB = (SUXAST+SPUPAS£)+(SUXBST‘FSPUPBSE) (8)
— ype -
é and uazclA Pax1nUx1aUxna uazclB PBx1,nUx1BUxnB
E type B UXA = ; ' UXB = ;
§ uncertaimy _prl,nuanuxlA Uxna PBx1,nUxnBUx1B Uxnp
E Components uzzalA pAplkuplAupkA u12713 pAplkuplBupkB
g UPA = ; , UPB = 2
% | Pap1kUpkalpia Upka PBp1kUpkBUp1B UpkB |
=3 (8a-d)
a Uncertainties and correlation coefficient of two variables:
uf =ufy +ufp; U =uls +uls P12 = e (8e,f,0)
\/u%A*’u%B\/u%A’H‘%B

The relationships between small deviations of the
values of n-elements of the input measurand X and m-
elements of the indirectly measured measurand Y are
described by the formula (4). The deviations of the
measuring system P parameters are determined from their
nominal values on the basis of the maximum permissible
errors (MPE) known from their technical data or as
deviations from the estimators of their values determined

in measurements. Sensitivity matrices Sy, S; and Sp (4a-C)
express the influence of deviations 4X, 8y and AP on the
output deviations AY, 8y of the initial quantities. The
deviations of known values or their course during the
period of measurement experiment, are removed from the
results by corrections. Other, which are not known and
not determinate, are randomized. For the single-parameter
measurand, the statistical properties of a set of deviations



of each quantity are described in GUM [1] by the standard
uncertainty u as the geometric sum of its components up
and ug. For multidimensional measurands, the equivalent
of the variance of single variable, are their covariance
matrices, e.g. symmetrical matrices Uy, Uy and Up (5¢c-
e). They contain on the main diagonal squares of standard
uncertainties (variances) of individual quantities, and on
other places, products of the corresponding one from n(n-
1)/2 correlation coefficients and uncertainties of both type
correlated quantities.

Sets of random deviations from estimators of the
output measurand Y variables are the result of multi-
parameter distributions of the deviations of the input
measurand X variables and deviations of parameters P of
the measurement system performing the multivariable
functional F(X, P). When linearizing each of its functions
for small deviations, the general formula (5) for the Uy
covariance matrix in multi-parameter measurements and
its subsequent developed forms (5a), (5b) is obtained
from
the propagation law of variance. Uncertainties and
correlation coefficients of n variables of the measurand X
and of k system parameters P are included in the Uy and
Up covariance matrices (5c,d),

In general case, variables X can be also correlated
with parameters P of measuring system. This is described
by the matrix U with the size [n x k], given in the formula
(5f). Such relationship may appear under the influence of
a common external random effect on X and P, e.g. a
variable outside temperature.

The number of independent correlation coefficients in
the U matrix is smaller by the number of m equations
elements of measurand Y. In the measurement practice,
including electrical measurement systems, there is usually
a simpler case when the directly measured quantities X
and deviations of parameters P of the measuring system
are not correlated (e.g. X is differently located then P and
they do not affect themselves and their external influences
are also not related). Then the covariance matrix U does
not occur and V = VT = 0. The propagation equation of
variance (5b) has then a simpler two-component form (6).
The first component depends on the uncertainties and
correlations of elements of the input measurand X, similar
as in the classic approach according to GUM-S2 [1]. The
second component, depending on the uncertainty of the
processing function, appeared in the extended method and
constitutes its essence. It expresses the influence of
uncertainties and correlation coefficients p, of P
parameters of the system processing function F(X,P),
analog or digital.

From (6) follows the covariance matrix (7) for the
relative uncertainties of Y — Y, increments, or of Y, if
uncertainties of the initial input quantities are negligible,
i.e. [lux(X)]] » [lux(Xo)|| = 0 (measurement of values
close to the beginning of the range are usually avoided)
and the covariance matrix ||[Ux(X — Xy )| = [|[Ux(X)]|.
Relation (7) was not included in Supplement 2 of GUM.

In the papers [6-11], the authors stated that only sets
of deviations with uncertainties of the same type, i.e. only
of ua or only of ug, can be correlated with each other, for
variables of the same or of different multi-measurands.
Covariance matrices of multi-measurands, similarly as the
variance u? = uZ + u2 of each single measured variable,

can be presented also as the sum of two component
matrices of type A and B, i.e.Ux = UxatUxg, Uy =
UyatUyg - formula (8). The elements of component
matrices type A and B are given in (8a)-(8d) and method
of their calculations in (8e,f,g).

For the measurand X, only the correlation coefficients
pxain the Uy matrix can be experimentally determined by
synchronous measurements of variables of X. On the
other hand, the coefficients pg of the Uyg matrix, similarly
as the uncertainties of type B, have to be estimated
heuristically. If two quantities are measured with the same
or similar instrument and under the same conditions, then
the correlation coefficient p,s equal to 1 [4], [5] can be
assumed. For different instruments and in different
operating conditions this coefficient is closer to 0. The
correlation coefficient -1 is rather rare. It occurs e.g.
when changes of both correlated variables from common
interactions, have the opposite signs.

Type A and type B uncertainties for individual
quantities of the output measurand Y should be carried out
separately from the component Uya, Uyg of the
covariance matrix Uy, according to formulas (8), (8a-g). If
during the measurements the values of P system
parameters are constant, the Up, matrix does not occur,
and the Up =Upg matrix is estimated heuristically for the
long period changes of deviations AP. However, if AP is
changing randomly in the duration of the measurement
experiment, then the elements of their Up, component
matrix must also be estimated heuristically based on
technical data and own knowledge. It is also valuable to
perform additional measurements in the specially created
influencing conditions to estimate the level of the short
time random changes in P parameters.

In several papers, authors described how to use this
new method. Few examples of implementation this model
to indirect measurement of a two-terminal circuit
parameters through a four-terminal T type network,
considering the uncertainties and correlation of its
impedances in general case and for U= 0 are presented in
detail in [8-11]. One of these examples, the indirect
measurements of voltage and current at the output of a
loaded four-terminal circuit is considered in detail below.

3. Uncertainties of indirect measurements of the
twoport output variables

Let us consider the indirect measurements of the
voltage and current of an inaccessible branch on the
output of a linear passive twoport network based on
measurements of these variables on its input terminals. It
was assumed that this twoport has the T-type structure
given in Fig. 1. Then observed is the 2D measurand Y =
[Uyutr Ioue]"-  The accuracy of Y are determined from
measurements of the input voltage and current, i.e.: X =
[Uin, Iin]"™ Accuracy of results depends also from values,
uncertainties and correlations of twoport impedances Z,,
Zy, Zs.
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Fig 1. Diagram of a passive twoport T-type circuit

For the T-type passive twoport from Kirchhoff laws:
Iipm=15+ I_out; Uin = Zyly + Zy 1y Zo1, = Uou_t + Zs3loue
the following relations for the output variables are
obtained

Uy = 1+é U, - Zl+ZS+Z3Zl L,
ZZ ZZ

_Iout:iuin_ 1+£ Iin
ZZ ZZ

The relation between U,,;, I, and directly measured
Uin, I, Of the T-type twoport circuit has the form of
matrix function Y = B-X, i.e..

B — B,
out 11 in 124in
B- [ "= | aoa
Iout] IlTl BZl in BZZIin ( )
where
Z3 Z1Z3
B _ [311 Blz] _ 1 + Z_z Zl + Z3 + Zz 10b
- B B - 1 ( )
21 P2z - 1 +

If the twoport is passive and rever5|ble then the
determinant of the matrix B satisfies the equation

det(B) = By1By; — B13 By =1 (11)
and only three of the matrix B elements are independent,
the fourth one follows from (11).

In the opposite situation, when tested are variables on
input of the twoport and measured are on its output, the
matrix A is used, which for the twoport T is like B with
replaced impedances Z5 and Z;.

3.1 Matrix Uy when Up =0 (GUM-S2 case)

If uncertainties uzof impedances Z; (i=1,2,3) are
negligible, then the matrix Up = 0 and from (6) results that
the output covariance matrix Uy = Uyy, as it is in GUM-

S2 method. If the measured twoport quantities X are
uncorrelated, its input covariance and the sensitivity
Bll _312]

matrices are
s .
] X =By, By,

Ux = [ulzjin (2)
0 Ulin
From (6) with Uyp =0 is obtained Uy = Uyyx i.e.
Uyx = SXUXS}( =
[ B uf, + Buf

2
— By3Byouy,,

2 2
—By1Ba1up,, — B12Baouj,,

] (12)

Then in the case as is consider in GUM-S2, i.e. exact
processing function F =B-X, variances of the current and
voltage at output terminals of T-twoport and their
correlation coefficient p,,; are:

2 2.2 2.2
—B11Boyug,, Bjiug,, + Boug,

— p2 .2 2.2 _
= Biiug,, + BLuj, =

1
uUDut ? [(Zz + Z3)2u%]in +
2

(133a)
1
= 7z [u%]m-l'(zl + Zz)zulzin]

+(Z1Z3 + Z3Z, + Z173)°uf, ]
ulzout = B%lu%lin + Bzzzulzin

2 2
Bi11Bz1uy, +B12B22uj;

(13b, ¢)

Pout = —
Ulout¥Uout

Correlation coefficient p,,,; # 0 and is always negative,
because B;,;B,; > 0 and B;,B,, > 0.

For Z; = 0 a voltage divider is created, and the variance
patterns of output variables simplify, i.e.:

uﬁin + leulzin’
1
uf = 7 [uf,, +(Z: + Zy)%uf, ] (14a, b)
In general case when the input variables are correlated the
input covariance matrix is:

2 _p2.2 2.2 _
U, = Blaly,, + Bi2ui, =

2
uUirL pinuuinuuin

Uy = (15)

2
pinuuinuuin ulin
These uncertainties are modified by correlation:
2 _ .2
U, = Upyy, — 2B11B12pintiy,, Uy,

2 _ .2
up, =up,, — 2B21Barpinuy,, Uy,

and correlation coefficient:
—312322u1 o (B11B22+B12B21)pintiu;
Po = " i (17)
Ioqu
In the case of p;,, = 1, these absolute and relative
uncertainties are:
uy, = |Biiuy,,

(16a,b)

2
—B11B21uy;

— Byouy,, |,

uy, = |Baiuy,, — Baauy,, | (18a,b)

S5 = Uup _ |Buuuin_312u1in|
g, = —+=-—-—-*="—"

° Uout B11Uin—Bi12lin '

_ur, |321HU —Baou;

1)

Io

al, (19a,b)

Tout Ba2lin=B21Uin
and correlation coefficient

0o = — (Br1uy, ~Braw;y, ) (Baavu, ~Baathtyy) +1 (20)
[(Bi1uy,, —Bi2ur;,,): (321uum Baoup, )l
and its sign depend on the sign of expression in module:
for plus p, = —1 and for minus p, = 1.

3.2 Component Uyp of covariance matrix Uy for
uncorrelated impedances of twoport T

Covariance matrix Up for uncorrelated impedances
Z1,Z,, Z5 of the twoport T and sensitivity matrix Sp have
the following forms

uz 0 0
Up=[0 wuz O],

0 0 ug

Sp =
[ Z3 Z3 Uin Z1\]
B —Iin 1+Zz _Z_zz(Uin_Iinzl): Z_Z_Iin 1+Z_2
- Iin 1
Z_2 Z_ZZ (Uin - Iinzl) 0

(21a,b)

By entering the designation for current in impedance

Zyas I, = (Uy, — 1inZ1) / Z4, from Kirchhoff's first law is

obtained I, = I,,; + I, and then the form of sensitivity
matrix Sp simplifies:

Sp= =12+ Z5) —Zsl,

_Zzlout
22
Z, Iin I, 0 (22)
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The equation (6) shows that the Uyp component of the
covariance matrix Uy = Uyx + Uyp of the output
quantities, depending on the uncertainties of uncorrelated
impedances of the T twoport is
Uyp = SpUpS} =
12(Z, + Z3)?ub, + Z5u3, + 12, Z3uG,;
—1%,(Z; + Z3)uj,

—15(Z, + Z3)uz, —
Buj, + Zuj,
(23)
Despite the non-correlation of impedance Z;, when the
Uyp matrix is diagonal, Ugy, loy as variables of the output
measurand Y, will be correlated. From (15b),(19a-c) and
(20) for uncorrelated quantities X, obtained are the
resultant variances for the output voltage and current are:

27 2,
—I3Z3uz,;

2 1 2,,2 2,,2
uuout = ? [(Zz + Z3) uu. + (Z1Z2 + Z3Z2 + 2123) ulin
2
+ 12 Zguz2 + 12, Zzuz3]
uf 7 [uum+(Z1 +Z)%uf + IGub + 13 u%z] (24a,b)

When Z; =0, the T-type twoport becomes a voltage
divider Z,, Z,.
The variations of current and voltage at its output are:

up = g, +(Z +Z)%uf, + IGuf +13u3))/Z3
(25a,b)
impedances and

quut =u? m T Z3u? i T 12, uZ1

3.3. Matrix Uy for correlated
uncorrelated input variables X
In this case U = 0, V=0 and from (6) and (15), for the
accuracy of functional F is responsible the covariance
matriX pr = SpUpS;, | e..
U [ Im(Zz +2Z3) —LZ
Yr = Zz 12

, —in(Zz+Z3) —LZy —lyZs)
(26)
Iin, I, 0

where: the covariance matrix Up of impedances as system
parameters P has the form

o VA
o(L)tt 2] UP

2
Uz, Pz12Uz, Uz, Pz13Uz Uz,
_ 2
Up = |Pz12Uz Uz, Uz, Pz23Uz, Uz, | (27)
2
Pz13Uz Uz,  Pz23Uz,Uz, Uz,

3.3.1 Uncertainty of output voltage

For p;, = 0, from (17a) and after calculation of the Uyp
elements, the variance of output voltage is
ug, .. = Bhug, +Bhui +uje (28)
Where. u%”:' = Wgzlugl + W[%ZZ u%z + Wgzau%S +
Pz12Wyz, Wyz, Uz, Uz, + pz23Wyz, Wyz uz, Uz,
2 (28a)
+pz13Wyz, Wyz, Uz, Uz,

By, = 7y + Z3 + 22

2
Z3
Wyz,=lin (1 + Zs ) WUZZ_IZ s Wyz,= lour (28b—1)

From (2a) and (30a-f) and u?y 2 0 results the condition
for the permissible values of correlation coefficients. The
determinant of correlator R cannot be negative, i.e.:

311=1+Z—3;

1 Pz12 Pzi3
det(R) =det|pz12 1  pzs|=
Pz13  Pz23 1
=1—p%1; — P713 — Pi23 + 2P212P213P223 = 0 (29)

Thus, the minimal correlation coefficients of three
impedance pairs p;1; = Pz13 = Pz23 = —1 cannot occur

27 22
13Z3uz,

simultaneously, because the det(R) = —4 < 0. If one of
three coefficients, e.g. pz1, = 1, then others should be
pPz23 = tpz13. It have to be analyzed when the
correlations of the T-type twoport impedances and the
determinant of matrix R and matrix Up are together equal
to zero. The boundary values of three correlation
coefficients for area det(R) = 0 result from the equation
(29). The correlation coefficient p,,; can be obtained
from the expression

Pz23 = (0212, P213)=P212P213 \/(1

— P712)(1 = p713)

(30)
Condition: 1 — pZ1, — pF13 — P23 + 2021202130723 = 0
means that the value of p,,5 belongs to the range

Pz12Pz13 — \/(1 —pz12) (1 = pF13)

< Pz12Pz13 + \/(1 = p512) (1 = pF13) (31)

It is the interior of a solid resembling a tetrahedron with
modified walls (see fig.2).
For full correlation:

variance of output voltage is

< Pzz <

Pz12 = Pz13 = Pz23 = 1 the

quut = Blzlulzfl‘n + 3122u12in + (WUZ%uzl + WUZZuZZ +
WUZ3uZ3) (32)
Pz23

Fig 2. The area of three correlation coefficients
correlated by pairs for det (R) =0

In the case of invert suppling of twoport,
there is a possibility to obtain the
uncertainty of performance function when

ie Iy <0,
minimum of

Wuzluzl + WUZzu'Zz + WUZ3‘LLZ3 =0.

3.3.2 Uncertainties and correlation in the output
The formula for uncertainty of current I, if correlated
are only impedances, obtained from (28), is:
1
up = Z—Zz[uf,m+(Z1 +Z)%uf + Ihug + 3ug, +
+2lin13p712Uz, Uz, ] (33)
For total correlation p;,, = 1, this formula simplify to

1
uf = ZZ [uf, +(Z; + ZZ)Zu,m(Imuzl + Lug,) ?](33a)

In the general case, the correlation coefficient between
voltage U,,,; and current —1,,,; is:

-31132174%/"1

1 170 (Zo+Z3)uG +linla(Zo+223)pz12tz, Uz, + ]

A 2 2
22| +linloutZ2p 713Uz, Uzz HoutlaZa2 p23uz, Uz +13 23Uz,

2
—Bi12Bzpuj; +

Pout =
UoutMout



(34)
and for the divider, i.e. when Z; =0

2 2 2.2 )
_uuin_Zl(Zl +Z2)“1in_1inu21 —linl2pzi12uz Uz,

Pout = (35)
Z2UU gy Wout

When all correlation are positive: pz1, = pz13 = Pz23=1
and output current is negative

Wiz uz, + Wiz, uz, + VVIZ3uZ3 =0 (36)
then the correlation coefficient is:
_Bl1Bz1u121i _B12322u12i
Pout = - = @37

Uy o Woue
and p,,: IS always negative, because for the passive
twoport of type T is By1B,q, B12B,, > 0. Then there are
no errors of processing the output voltage, i.e.:

uﬁout = B%lulzjin + B%Zulzin (38)
In the case u;, — 0 and the impedance of twoport Z; =0
ulzaut = B%lulzjin + BZZZuIZin (39)
then the negative correlation coefficient between the
output current and voltage is equal to:
2 2
By1By1ug,, + Bi2Baouiy, (40)

Pout = —
2 .2 2,2 2 .2 2 .2
\/311uum + Blzulm\/Bnuuin + B3ou;,

3.4. Numerical example

Figure 3 shows examples of the dependence of the
uncertainty of the twoport T output voltage as a function
of the output current for different values of the correlation
coefficients p,, = p13 = p23 = 0;0,1;0,5;0,7; 1, U;,=25
V; and relative uncertainties 6, , = 6, = 5zi,- = 0,2%.

p=0,0

0,17

0,15 0,16 0,17 0,18 0,19 0,2 0,21

Fig. 3. Uncertainty of the twoport output voltage as a
function of the output current Iy, for different values of
the correlation coefficients p =p1» =p13 =p23; Uin = 25 V,
and relative uncertainties &y, , = 6, = 6Zi]. =0,2%

4. Summary and conclusions

Formulas summarized in Table 1, extend the method
of GUM Supplement 2 [1] for determining the uncertainty
of indirect multi-parameter measurements. The model
which considers uncertainties and correlations of system
parameters that implement the multivariable processing
function, proposed by Z. Warsza, is used.

As an example of the application of this method in
indirect 2D measurements of the voltage and current of
the two-terminal circuit branch, available only through the
twoport T, is presented. Such measurement occur in the
identification of voltages and currents of inaccessible
directly elements forming the electrical systems, and in
multi-sensor measurements and technical diagnostics.

Matrix relationships were derived considering the
uncertainty of processing functions performed by twoport.
The formulas of increased total uncertainty of the
estimated voltage and current due to the impedances
uncertainties of this system are find. It did not exceed the
sum of uncertainties of input variables and twoport
impedances.

In the presented variants of the twoport, the
uncertainties at the output also depend on the value and
sign of the correlation coefficients of the input quantities
and circuit parameters, as well as the current at the output
of this circuit. The possibilities of minimizing these
uncertainties were also discussed.

The proposed method can be usefully used both for
the evaluation of indirect multi-parameter measurements
made with a set of instruments, as well as for the
assessment of the accuracy of measuring instruments and
systems with an integrated measurement system for
multivariable measurements. This method may be also the
basis for development a new extended version of the
Guide GUM Supplement 2 or included in its new version
GUM2.

This method will allow the assessment of the accuracy
of multivariable instrumental measuring systems by
means of uncertainties. Therefore, other interesting partial
methods, e.g. given in [5], [9, 10], are not discussed here.

It is possible to analyze by this method the
determination of uncertainty of several other multi-
parameter measurement systems, e.g. AC networks as in
[21, [3], [5], [7], power component measurements in
three-phase networks with different waveforms, and then
to examine the statistical properties of multi-variable
systems with non-Gaussian probability distributions and
various processing functions of measurands.
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