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Abstract

A mathematical model of a capacitive ultrasonic transducer is designed allowing to emit ultrasonic vibrations into an
electrically conductive product. The influence of a polarizing electrostatic field on the Coulomb forces formation in the surface
layer of a metal sample is determined. A closed solution to the electrostatics problem is obtained for a piecewise homogeneous
medium in which a half-space is filled with metal having finite values of electrical conductivity and magnetic permeability.
An expression is obtained for calculating the surface density of a static electric charge on the metal sample surface. As part
of the mathematical model of a capacitive sensor in the mode of converting electric energy to high-frequency mechanical
(ultrasonic) energy in metals, closed solutions for electrostatics and electrodynamics problems are constructed in relation to
a piecewise-homogeneous medium in which a half-space is filled with metal having finite values of electrical conductivity
and magnetic permeability. It is determined that a capacitive disk transducer excites forces acting normally to the surface
of electrically conductive products. A quantitative assessment of the surface density of the Coulomb forces is made. The
main factors determining the sensitivity of a capacitive disk transducer are specified. As an example of using the simulation
results, the amplitude factor of radially propagating Rayleigh waves is calculated. The concept of the wave characteristics of

the transducer in the excitation mode of ultrasonic surface waves is introduced.
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Introduction

In all areas of industry, ultrasonic methods of
measurement, quality control of products and mate-
rials, and diagnostics are widely used [1]. In almost all
cases of using traditional high-frequency methods of
ultrasonic measurements, the contact method is used
(applying contact liquid, which is placed between the
electro-acoustic transducer and the research object) [1].
Contact method of testing requires covering the product
surface with a viscous, well-wettable liquid (machine or
transformer oil, glycerin, etc.). It means that preparing
the surface of the research object (RO) and a significant
consumption of contact fluid requires significant mate-
rial and economic costs [2]. It should be noted that
some materials do not allow the use of contact fluid [1].

It is possible to substantially reduce the dis-
advantages of traditional measurement methods by
using non-contact methods of excitation and recep-
tion of high-frequency ultrasonic pulses [3—4] (without
using contact liquid), the most known of which are
electromagnetic-acoustic [3] and capacitive [4]. The
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electromagnetic-acoustic method is implemented by
using magnetic and electromagnetic fields, and capaci-
tive method uses electric fields. However, with its sig-
nificant advantages [3], the electromagnetic-acoustic
method has a significant drawback, which can be seen
in measurements of ferromagnetic RO produced in the
country in huge quantities: pipes, rails, sheets, inter-
mediates, etc. The disadvantage is due to the strong
attraction of the electromagnetic-acoustic transducer to
RO, as well as the great difficulties of removing metal
particles and scale adhering to the transducer.

The capacitive method does not have the above
disadvantages of the EMA method; however, it is tra-
ditionally believed that the conversion of the electric
field energy into the elastic displacements of the RO
surface layer is insignificant [4—5]. Therefore, it is cur-
rently relevant to conduct comprehensive studies aimed
at finding technical solutions for creating effective ca-
pacitive sensors [6] both in the mode of excitation of
high-frequency ultrasonic vibrations and in the mode
their reception. This article is a continuation of articles
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[5, 7] aimed at increasing the excitation efficiency of
high-frequency elastic vibrations in RO from electrically
conductive materials by capacitive transducers.

The purpose of the work is mathematical and com-
puter modeling and experimental confirmation of the ef-
ficiency of converting electric field energy into ultrasonic
vibrations of various types of waves.

The results of previous studies

In [5], the authors showed that the construction of
a basic mathematical model of a capacitive transducer
(CT) in the excitation mode of ultrasonic waves is di-
vided into two, successively solved main tasks. The first
task is electrodynamics used to determine the Coulomb
forces on the surface of a metal sample formed by CT.
The second task is the boundary problem of the elasti-
city dynamic theory of the harmonic wave excitation
by a surface loads system generated by CT. When sol-
ving the first problem [5], an expression is obtained for
calculating the surface density of electric charges on the
surface of an electrically conductive sample in the static
approximation, which determines the Coulomb forces
acting on the RO surface. It is shown that, in contrast
to the traditional concept, charges are concentrated not
only under the CT electrode. This is important for ul-
trasonic field parameters formation in the studied object
and, accordingly, for the results of measurements and
diagnostics.

In article [7], the second part of the problem sta-
ted in [5] is solved when limiting the excitation of only
longitudinal waves and the presence of charge density
is confirmed experimentally at a considerable distance
from the CT electrode projection onto the RO surface.

At the same time, industry requires high-speed
production tools and technologies for measuring, moni-
toring and diagnosing products with significant surface
areas: capacities, large power transformers, sheets, large
diameter pipes, intermediates, etc. It is possible to pro-
vide such technologies by using surface waves excited
contactless, especially when diagnosing RO from fer-
romagnetic materials.

Content, analysis and research results

The generalized scheme for constructing CT in the
excitation mode of ultrasonic waves is shown in Fig. 1.
The transducer is a metal electrode 1 of arbitrary shape,
which is located at a certain distance above the surface
of the metal sample 2. A constant-time electric potential
U, is applied to the metal electrode, which forms on
the surface x,=0 of the metal sample electric charge
with a surface density of ¢°(x', x?), where x', x?, x* are
the coordinate lines of the right-handed Cartesian co-
ordinate system, the origin of which is located on the
metal sample surface.

Simultaneously with the constant potential U, an
electric potential with an amplitude value U” is supplied
to the metal electrode, which varies in time according to
the harmonic law e (i = V-1 ;  — cyclic frequency;

Uo

X3

C U*eimt

Fig. 1. Design scheme of a capacitive electroacoustic transducer
in the mode of excitation of ultrasonic waves in a metal sample

t—time). This potential creates an alternating electric
field with intensity E‘e”( E*— the amplitude of the
intensity vector of alternating electric field).

Assume that the inequality U'<<Uj is satisfied.
Then the surface charges that are created by an alterna-
ting electric field cannot be taken into account. In this
case, an alternating electric field linearly interacts with
a static electric charge, as a result of which Coulomb
forces with a surface density of; (x1 , X, ,t), (j=12,3)
are applied on the surface x> =0 of the metal sample,
which are defined as follows

o3 (x,x,,1) =0’ (x,,x,) E; (x,,x,,0)e,
(=123, (1

where E](x,,x,,0) are the amplitude values of the
alternating electric field intensity vector components
on the surface x*=0 of the metal sample.

The amplitude values of the surface density of
Coulomb forces cs;j (xl ,xz) or, using the terminology
of a deformable solid mechanics, tangential and
normal surface loads, create dynamic deformations of
the metal object surface in the area of constant and
variable electric fields. From the region of dynamic
deformations, excess energy is carried away by elastic
waves. Taking into account the linearity of the physical
system and the processes existing in it, we define the
displacement vector of the metal material particles
as avalue harmonically changing in time with an
amplitude value #(x,,®), where x, are the coordinates
of the observation point of the wave field (arbitrarily
chosen point A in Fig. 1). The amplitude values of the
wave field of displacements #(x,,®)e™ at any point
inside the metal sample satisfy the equation of steady-
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state harmonic vibrations. In the invariant form with
respect to the choice of the coordinate system, this
equation is written as follows [8]

(A +2G)graddivi (x, ,0) —

— Grotrotii(x, ,0) + p,w’i(x ,») =0, @)
where A and G — Lame constants for isotropic metal
with elastic properties; p, is the metal density.

The displacements i (x,,®)e of the metal
material particles, i.e., the solutions of equation (2),
create strains in the metal volume, as a result of which
elastic forces appear, which are determined through
mechanical stresses o, (X, ,®)e (i,j = 1,2,3). On the
metal surface x*=0, Newton’s third law in differential
form must be satisfied, according to which the following
boundary conditions must be satisfied

63j(x1’x2, 0): G;(xl,x2), G=1,2,3), 3)

where G;-(x1 ,xz) are amplitude values of the surface
density of the Coulomb forces (see 1). The fulfillment
of boundary conditions (3) ensures the solution
uniqueness of the equation (2).

In [9], using the Hankel integral transforms, the
excitation problem of radially propagating axisymmetric
Rayleigh waves by a system of volume and surface
loads is solved. In this case, the boundary problem
of the dynamic theory of elasticity is formulated in a
more general formulation compared to the boundary
problem (2), (3), namely

(A +2G)graddivi (x, , o) —
I (x.0) =

Grotrotii(x, ,®) +

over, @

+ Pyt (x,, ) —
n, [Gij(xk ,w)—G;(xk,co)]:OkaeS, (5)

where [ (x,,®) is the amplitude of the volumetric
density vector of external forces according to the law ei;
V'is half-space volume x* < 0; n, is the i-th component
of the unit vector of the external normal to the surface
S(x, = 0) of the elastic half-space; the amplitude value
of the surface density of external forces.

The result of solving this problem in a cylindrical
coordinate system (p, @, z), the origin of which is
aligned with the beginning of the Cartesian coordinate
system, and the z axis of which coincides with the Ox,
axis, obtained under the assumption that the fields of
external forces are independent of the polar angle o,
is written as follows

i(p,z,0)=8u, (p,z,0) + &u,(p,z,0), (6)
where €, and €, are unit vectors of a cylindrical
coordinate system; up(p,(p,(u) and u(p,z,w) are the
components of the amplitude value of the displacement
vector #(p,z,®) of material particles of the metal
half-space, which varies with time according to the

law e'. The components of the displacement vector
are defined by the following expressions:

A (©)u, (2.7 )H (1ep), (D)

Ay (0)u, (z,yR)H(() )

 (p.7.0) =

u,(p.z,0) = T(rep), @)
where A (w) is an amplitude factor of the Rayleigh
wave; up(z, Ye) and u(z, v,) are eigenfunctions of
a homogenecous boundary-value problem which is
wrltten by relations (4) and (5) having f~ (x,,)=0
and o (xk, ) 0; y,=w/v, Rayleigh wave number
(vg Raylelgh wave propagation velocity); H® (vxP)
(v=0;1) is the Hankel function of the second kind
of order v.

The amplitude multiplier A (w) [5, 10] is written
as follows

(o) LB P) A o o)
« 2GAL () ak? =+ £ (ve»2)u, (2,71
e [(5 +#) (1) 2085, ()] O

where £ (vq.2), £, (vr-2), o, (1) and o, (vq)
are Hankel integral images of volume and surface
load components, which are written as direct Hankel
integral transforms of the following form

Vot Tl e

{ Y];R } !{ o, )} Jo (vep)dp,

where J (v,p) (v=0;1) are Bessel functions of order v.
The wave numbers a, 3, and v, are interconnected by
the condition of presence of a propagating Rayleigh
wave at a given frequency w, which is written as follows
2

A (1) = (12 +B°) = 4v3aB =0, (10)
where y, = y;wherein y; — o’ = k7 and v; - B’ = k;
k and k, are wave numbers of non-interacting shear
and longitudinal waves, respectively, which propagate
with velocities v, =,/G/p, and v, = /(A +2G)/p,
(p, is material density). The symbol Ay (3, ) in formula
(9) denotes the first derivative of the function A ()
with respect to the variable y,. The eigenfunctions
up(z, Yp) and u_(z, v,) of the homogeneous boundary-
value problem (components of the displacement vector
of material particles in a normal wave) are determined
by the following relations:

2
eotz - = (X‘B - eﬁz
Ve + B

2 2
_ _1(eaz . %esz}
Yr Yr +B

“p(Z’VR) =

uz (Z9YR)
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Table 1
Dimensionless wave numbers and the velocity of Rayleigh surface waves for various Poisson’s ratio
v C - YR/ks VR/VS f (V)
0.00 1.144123 0.874032 -1.170822
0.02 1.139051 0.877924 -1.114026
0.04 1.134069 0.881781 -1.059085
0.06 1.129180 0.885599 -1.005999
0.08 1.124385 0.889375 -0.954756
0.10 1.119688 0.893106 -0.905359
0.12 1.115089 0.896790 -0.857783
0.14 1.110589 0.900423 -0.812010
0.16 1.106191 0.904003 -0.768031
0.18 1.101894 0.907528 -0.725811
0.20 1.097700 0.910996 -0.685329
0.22 1.093608 0.914404 -0.646549
0.24 1.089620 0917752 -0.609446
0.26 1.085734 0.921036 -0.573974
0.28 1.081950 0.924257 -0.540094
0.30 1.078269 0.927413 -0.507774
0.32 1.074688 0.930503 -0.476957
0.34 1.071207 0.933526 -0.447603
0.36 1.067825 0.936483 -0.419666
0.38 1.064540 0.939373 -0.393092
0.40 1.061351 0.942195 -0.367835
0.42 1.058256 0.944951 -0.343844
0.44 1.055253 0.947640 -0.321066
0.46 1.052340 0.950263 -0.299450
0.48 1.049516 0.952820 -0.278952
0.50 1.046778 0.955313 -0.259516
The condition of existence (10) or, as it is not . "

quite correctly called, the Rayleigh dispersion equation, O (p) =% (p )EZ (p,O) -

is easily reduced to a bicubic equation with respect to ing P : (13)

a dimensionless quantity £ =y, /k, . The composition = ‘5{ I xW (x)J, (x _j d’f} )

of this equation includes the Poisson coefficient v as 0

a parameter. Over the entire range of changes in the  where

numerical values of the Poisson’s ratio (0<v<0.5),
the equation A (x,) =0 has one real root { = y, /k_, the
numerical values of which are shown in the second
column of Table 1. In the third column, the relative
velocities v, /v, of the surface Rayleigh wave are
written.

For a capacitive disk transducer, power factors are
VA (p,z)=0and o, (p)=0. Moreover, expression (9)
for calculating the amplitude factor of the Rayleigh
wave is the following

(e +B)e
AR(‘D)——mJ;PGZZ(P)Jo(YRP)dP- (12)

It is not difficult to show that the ratio
(yi +[32)/A; (xz) is a constant independent from
frequency w, which will be denoted by a symbol f(v).
The numerical values of this constant are determined
by the Poisson’s ratio value and are shown in the fourth
column of Tablel. Substituting into the calculation
formula (12) the expression for the surface density of
Coulomb forces (13), deduced by the authors in [7]

5, =CUU /(7 R*y,) = 1, U, U" /3.

We obtain an expression for calculating the
amplitude factor of the Rayleigh wave, which is excited
by a capacitive disk transducer

Ay (0) ==i 47 (Q), (14)
where 4, =no,R f(v)/(2G) is an absolute sensitivity
of a capacitive disk transducer of radius R in the
excitation mode of radially propagating Rayleigh waves.
With an average value of the shear modulus of steels
G =+79-89 =83.85 hPa at a load of 6,=88.5 Pa and
R=5%10"m, the dimension value 4,=4.75x10">m.
By the symbol W(Q) (R2=v.R is the dimensionless
wave number or, which is the same, dimensionless
frequency, since Y,R=w (R/v,)=wrt)) in formula (14)
the frequency-dependent function of the following
content is indicated

W (Q) = Q[es), (8)J,(Q8)de, (15)
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Fig. 2. The graph of the function J(Q)
where £=p/R is a dimensionless radial coordinate;
&,,(&) is a dimensionless function, which depends on
the dimensionless radial coordinate and is the second
factor on the right-hand side of expression (13). As
follows from the ones presented in Fig. 2 in the graphs
article [7], the main contribution to the numerical
values of the integral (15) is given by the function
values &, (&) in the interval 0<E<1. Therefore, to
perform practical calculations, expression (15) must
be written in the following form
1
w(Q)=Qfes), (8)/,(Q8) de. (16)
0

Before discussing the calculations results made via
formula (16), we consider simple (model) situations.

Consider the approximation at which the surface
density of Coulomb forces does not change within the
area 0<p<1, R, ie.

. [1ve<Ls;
G“(E“)_{ova».s.

With such a specification of the surface density of
Coulomb forces, integral (16) is elementarily calculated
analytically and the function W(Q2)=J (). The graph
of this function is shown in Fig. 2.

Analysis of the data in Fig. 2 shows that the
function W(Q) has local maxima which Ilevels
monotonically decrease with increasing dimensionless
wave number & or dimensionless frequency wt,, where
T,=R/v, is the time scale. It is especially necessary
to emphasize that at certain frequencies the function
W (Q) vanishes, i.e., external forces act on the loading
area, and elastic disturbances are not observed outside
this area.

The indicated features of the frequency-dependent
change in the function W(Q) are explained by the
interference of wave fields that are radiated into the
elastic medium by various parts of the deformable
solid, which are in the region of external forces.

Conclusions

1. An expression is obtained for calculating the
amplitude factor of a radially propagating Rayleigh
wave, which is excited by a capacitive transducer with
a disk electrode.

2. The concept of the wave characteristic of
a capacitive transducer with a disk electrode is
introduced.

3. The sufficient efficiency for the excitation of
radially propagating Rayleigh waves is shown, which
allows diagnosing products with a large area.
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AnoTauis

Po3po6ieHo MareMaTUYHY MOIENb EMHICHOTO YJIBTPa3BYKOBOTO IEPETBOPIOBAYA, IIO TO3BOJISIE BUIPOMIHIOBATH YiTb-
Tpa3BYKOBi KOJIMBAHHS B €JIEKTPONPOBINHUI BUPiIO. PO3rIaHYTO BIUJIMB IMOJISIPU3YIOYOTO €JIEKTPOCTATUYHOIO MoJis Ha (op-
MyBaHHS cwl KystoHa y TToBepXHEBOMY IIapi MeTajeBoro 3pa3ka. OTpuMaHO BUpa3 IUIsl pO3paxXyHKy MOBEPXHEBOI HIITBHOCTI
CTAaTUYHOTO €JIEKTPUYHOIO 3apsily Ha MOBEPXHi 3pa3ka MeTany. Y paMKax MaTeMaTUYHOI MOJeJli EMHICHOTO JaBaya B PeXUMi
MepeTBOPEHHSI eJIEKTPUYHOI eHeprii y BUCOKOYACTOTHY MeXaHiuHy (YJIbTPa3ByKOBY) B MeTajaX OyIylOTbCSl 3aMKHYTI PilllIeHHS
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3aMa49 ST eeKTPOCTATUKU Ta eIeKTPONMHAMIKY MIOAO0 KyCKOBO-OTHOPIMHOTO CEepeloBUIla, B SKOMY HAMIBIIPOCTIp 3aro-
BHEHO METaJOM, IO MAa€ KiHIIeBi 3HAYEHHS €JIEKTPOMPOBITHOCTI Ta MarHiTHOi MPOHUKHOCTI. Bu3HayeHOo, 110 €MHiCHUIA
JNMCKOBUI MEPETBOPIOBAY 30YMXKYy€E CWIM, IO AiI0OTh HOPMaJbHO HAa MOBEPXHi €JeKTPOIpoBiaHUX BUpPoOiB. [IpoBeneHo
KiJIbKiCHY OIIiHKY MOBepXHeBoi 1IiibHOCTI cuil KysoHa. Bka3zaHo OCHOBHi (hakTopH, 1110 BU3HAYAIOTh YYTJIUBICTh EMHICHOTO
JNIMCKOBOTO TIepeTBOpioBava. SK TMpUKIaa BUKOPUCTAHHSI pe3y/abTaTiB MOJAEIIOBAHHSI BUKOHAHO PO3paxXyHOK KoedilieHTa
aMIUTITyIu paliajbHO MOLIUPIOBAHUX XBUJIb Pesiesi. BBeneHO MOHSATTS XBWJIBOBUX XapaKTePUCTUK MEPETBOPIOBAYa B PEXKU-
Mi 30yI>KEHHS YJbTPa3ByKOBUX MOBEPXHEBUX XBWJb. [lokazaHo, 110 [iana30H 4acTOT, B SKOMY peajli3yeTbcsl e(heKTUBHE
30yIKEHHSI TTIOBEPXHEBUX XBWIb Pejiest, TIOBHICTIO BU3HAYAETHCS PAIiycOM AUCKOBOTO €JEKTPOAa, a TAKOX BiCTAHHIO MK
€JIEKTPOJIOM i MOBEPXHEI0 METaJEBOro JIMCTA.

KiouoBi cioBa: eMHiCHUIT TIepeTBOpIOBaY; MOBEPXHEBa IiIbHICTh cuil KynoHa; 30yaKeHHsT YIbTPa3ByKOBUX XBUJIb TO-
BEPXHEBUMHM HABAHTAXKEHHSIMU; aMILUITYIHIMIA MHOXHMK pamialbHO ITOIIMPIOBAHOI XBUJI Pelest; XBMIbOBA XapaKTePUCTUKA
MepeTBOpIOBaYa B PEXMMi BUITPOMIHIOBAHHSI.

UccaenoBanne nepesaToyHbIX XapaKTePUCTHK JTHCKOBOTO
npeoOpa3oBaTe/ia eMKOCTHOTO THIIA B pexuMe BO30yxK-
JE€HUS PAIUAJIbHO PACHPOCTPAHAIOMMXCA BOJIH Pajes
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AHHOTaIMS

Pa3paGorana o6o01atonas MaTeMaTdecKasi MOJEIb SJIEKTPOMEXaHUMIECKOTO CEHCopa, MTPeoOpas3yIoIIero 3JeKTPUICCKYIO
SHEPIUI0 B BHICOKOYACTOTHBIE MEXaHUYECKHUe KoJjebaHUsl, MpeAHa3HAYeHHOTo JJIsSi U3MEPEHU, KOHTPOJSI U JUArHOCTUKU
2JIEKTPOIIPOBOAHBIX M3IEIMIA M MaTepuayioB. B paMKax MaTeMaTnM4ecKOM MOJEIM CEHCOpa €MKOCTHOIO THIIA B PeXUME
MpeoOpa3oBaHuUsT JIEKTPUIECKON SHEPTUHM B BBICOKOYACTOTHYIO MEXaHMUYECKYIO (YJIBTPa3BYKOBYIO) B MeTa/UIaX IOCTPOEHBI
3aMKHYTBIE PELIEHUS 3a0a4 JEKTPOCTATUKU U 3JEKTPOIMHAMUKUI IJIs1 KYCOYHO-OOHOPOIHOM CPeabl, B KOTOPOIA MOJIYyIIPO-
CTPAHCTBO 3alOJITHEHO METAJIJIOM ¢ KOHEUHBIMU 3HAYEHUSIMU JIEKTPUUECKOM MPOBOAMMOCTA M MAarHUTHOM MPOHMIIAEMOCTH.
IToka3aHo, 4TO AMCKOBBLIM IIpeoOpa3oBaTeieM €MKOCTHOTO THIIA BO30YXKIAIOTCS CHJIbI, HECTBYIOIIKME HOPMAIbHO Ha I10-
BEPXHOCTH 3JIEKTPOIIPOBOIHOIO M3eNus. BhIMojHeHa KOJIMYECTBEHHAs OlleHKa MOBEPXHOCTHOM TioTHocTH cui KynoHa.
B kauecTBe mpuMepa MCIOJIb30BaHUSI PE3YJIbTaTOB MOAEIMPOBAHMS OCYLIECTBICH PacyeT aMILIMTYIHOTO MHOXKUTENST pa-
IWAJTbHO PaCIIPOCTPAHSIOIINXCST BOJH Pajies. BBelmeHO MOHATHE BOJHOBOI XapaKTEPUCTUKU TPeoOpa3oBaTesisd B pexkKUMeE
BO30YXKIEHUST YIbTPa3BYKOBBIX ITOBEPXHOCTHBIX BOJIH.

KioueBble ¢j10Ba: eMKOCTHOI TTpeoOpa3oBaTelib; MOBEPXHOCTHAS TUIOTHOCTh cul KynoHa; Bo30yKaeHUEe YIbTPa3ByKOBBIX
BOJIH ITOBEPXHOCTHBIMU HATrPy3KaMM; aMILIUTYIHBIA MHOXUTEIb pafdalbHO PaCIPOCTPaHSIOIIEics BOJHBI Pajest; BOIHOBas
XapakTepHCTHKa MpeoOpa3oBateliss B peXUMe U3IydeHMs.
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