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Abstract

An expression for estimating the combined standard uncertainty taking into account the observed correlation between
the estimates of the two input quantities is given. The Welch — Satterthwaite formula given in the GUM is analyzed. It is
shown that the number of degrees of freedom calculated using this formula will vary over a wide range when the value of
the correlation coefficient changes, and in some cases it may take an unacceptable zero value. An expression for calculating
the combined standard uncertainty by the reduction method is given. It is shown that the number of degrees of freedom
in this method does not depend on the value of the correlation coefficient.

A formula for calculating the effective number of degrees of freedom taking into account the observed correlation is
proposed. The existing expression for calculating the kurtosis of the measurand is analyzed and an expression is proposed
for calculating the kurtosis of the measurand in the presence of a correlation between the input quantities. An example of
estimation of expanded uncertainty when measuring the coefficient of a pressure transducer using a calibrator is considered.
Estimates of the distribution of the measurand, obtained using Monte Carlo simulation, showed that they are closest to
the estimates obtained by the kurtosis method. The considered example showed that taking into account the correlation in
the processing of measurement results makes it possible to reduce the expanded measurement uncertainty of the converter
coefficient by 1.22—1.27 times.
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1. Introduction

When evaluating the measurement uncertainty, one
has to deal with situations where estimates of input quanti-
ties are pairwise correlated. When calculating the standard
uncertainty u(y) of the measurand Y = f(X,, X,,...X}),
the correlation between the estimates of /-th and k-th in-
put quantities is taken into account using the well-known
formula [1]:

N
u(y)= \/Zcfujz +2r, e ey, (1)
=1

where u, c are the standard uncertainties and sensi-
tivity coefficient of j-th input quantities, j=1,2,..., N;
Tk is correlation coefficient. Difficulties in accounting for
correlation arise when evaluating expanded uncertainty U.
The latter for linearized models is defined as the product
of the standard uncertainty u(y) by the coverage factor k:

U = ku, (). 2
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The coverage factor k is determined in different
ways with different approaches to estimating measure-
ment uncertainty.

2. GUM approach

In GUM [1], the Student’s coefficient tp(veﬂ) for
the given confidence level p and the effective number
of degrees of freedom v, 1s taken as the coverage coef-

ficient k for repeated measurements. The Vo is ob-
tained by the Welch—Satterthwaite formula:
4
u (y)
Vo = ; (3)
eff 4.4
=Y

where v, is the number of degrees of freedom of the
Jj-th input quantity. Expression (3) does not give a
correct estimate of the number of degrees of freedom
in the presence of a correlation between the input
quantities. Indeed, for a function of two correlated

4 Ukrainian Metrological Journal, 2021, No 1, 4-8



1. Zakharov, P. Neyezhmakov, O. Botsiura

B &
8

L% I N |
\\
| —

4

: yVA /AN

; /r=0\||[[=0
= ——

0 — — >
-10 -5 0 5 x

Fig. 1. Dependence of the coefficient 3 in expression (5) on a, when changing the correlation coefficient in the range [-1;1]

input quantities Y = f(X,,X,) with an equal number
of degrees of freedom v =v,=v and in the absence of
uncertainties of type B, the effective number of degrees
of freedom will be equal to

(clzul2 +21,¢.cupu, + cguzz)2
v, =V . )

4 4 4 4
cu +c,u,

ay

Gu,

Denoting the ratio =oa, we can rewrite (4) as:

y (o +2r 0 +1)° _

AVE—

) 5
eff a4+1 VB ( )

The dependences of the coefficient [ in expres-
sion (5) on a when the correlation coefficient changes
in the range —1<r <1 are shown in Fig. 1.

In Fig. 1 it can be seen that the effective num-
ber of degrees of freedom Vo will change in the range
from 0 to 8 v when changed —1<r<1. It should be
noted that the value of the Student’s coefficient for
the number of degrees of freedom equal to zero does
not make sense at all.

On the other hand, to calculate the combined
standard uncertainty of the presence of correlation,
the reduction method can be used [2]. It provides for
bringing indirect measurements to direct ones by cal-
culating the values of the measured value for each pair
of correlated input quantities:

v, = f(x,.%,), i=12,..n. (6)

In this case, the measured value will be the arith-
metic mean of the measured values obtained:

1
y—;;M, (7)

and the standard uncertainty of type A of the measured
quantity is found as:

1 < —\2
uA(y)=\/n(n_1)Z(y[—y) . (8)

i=1

and has the number of degrees of freedom v =n—1,
which should be equal to the number of degrees of
freedom Vo determined by the Welch — Satterth-
waite formula (4). This situation can be tuned when
taking into account that the correlated input quantities
must be described by the joint PDF, which contributes
u .(») to the standard uncertainty of the measurand
with the number of degrees of freedom v =n—1. In
this case, the expression for the combined standard
uncertainty (1) can be rewritten as follows:

N
2.2 2,2 2,2

u(y)= \/ z ciu; +eu; +2n ¢ cuu, +ciuy ] =

L

Jjrk#l (9)
N

2.2 2

Z ciuy +u ().

J=1,
JEk=l

In this case, the Welch — Satterthwaite formula
in the presence of correlated input quantities will have
the form:

(10)

/=l J
j

So, for a function of two correlated input quan-
tities with an equal number of degrees of freedom
v,=v,=v, the effective number of degrees of freedom
will be equal to v, which coincides with the number
of degrees of freedom for expression (8).

3. Kurtosis method

The most reliable estimate of expanded uncertainty
can be obtained on the basis of the law of propagation
of distributions by the Monte Carlo method (MCM)
[3—4]. However, its implementation by existing soft-
ware [5] does not allow obtaining an uncertainty bud-
get with estimates of the contributions of the input
quantities uncertainties to the measurand uncertainty.
The kurtosis method allows obtaining estimates of ex-
panded uncertainty compatible with estimates of MCM
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Results of simultaneous measurement of pressure and current Table |
P, MPa 0.10001 0.10001 0.10000 0.10000 0.10002
I, mA 8.008 8.008 8.006 8.006 8.010
P, MPa 0.10000 0.10002 0.10000 0.10000 0.10000
I, mA 8.006 8.01 8.006 8.006 8.006
[6]. In this method, the expanded uncertainty is found 0.10851" +0.1n +1.96, at n < 0;
by the formula: k= (14)

U =km)-u(y),

(11

where the coverage factor k() depends on the kurtosis
1 of the measurand, determined by the formula:

N
4 4
ch”jnj’

j=1

")

(12)

where n, is kurtosis of the j-th input quantity. This
expression also does not work in the case of correlated
input quantities; however, it can be transformed for this

case by analogy with expression (10):

n

J=1,
J#k,j#l

4 4 2 2
cjujnj +nl,ku[,k (y)

u'(y)

(13)

The coverage factor for a confidence level of 0.95
is calculated by the formula [5]:

f 3+m
t0.95;(6/n+4) ’ M9 atn=0.

4. Example. Determination of the transducer factor of
the PC-28 pressure sensor

To determine the transducer factor y of the pres-
sure sensor, a DPI-802 pressure calibrator is used. The
results of multiple simultaneous measurements of pres-
sure P and current [ are given in Table 1.

The correlation coefficient between the pressure
and current results of measuring is 1. The uncer-
tainty budgets for the measuring the transducer fac-
tor y=1/Pin accordance with the GUM and kurtosis
method are given in Tables 2, 3. The estimates of the
standard uncertainties of the input quantities by type
B were obtained from the maximum permissible error
of the input quantities under the assumption of their
uniform PDF.

The value of the expanded uncertainty excluding
correlation is U=0.019 mA/MPa.

Table 2
The uncertainty budget for the measurement uncertainty evaluation
of the transducer factor according to the GUM method
. Estimation Standard Number of degrees | Sensitivity Uncertainty
Input quantity . . . . o
of input quantity uncertainty of freedom coefficient |contribution, nA/MPa
I mA 8.0072 0.000533 9 9.9994 0.0053
- ' 0.0005774 ) ' 0.0050
0.00000267 9 -0.0021
P, MPa 0.100006 -800.6239
0.000005774 oo -0.0052
Estimation of Combined Effective number of| Coverage Expanded
Measurand standard .
measurand . degrees of freedom factor uncertainty, mA/MPa
uncertainty
Y, mA/MPa 80.067 0.008057 363 1.97 0.0159
Table 3
The uncertainty budget for measurement uncertainty evaluation
of the transducer factor by the kurtosis method
Input quantit Estimation of input Standard Kurtosis of Sensitivity Uncertainty
putd Y quantity uncertainty input quantity coefficient | contribution, mA/MPa
0.000605 1.2 0.00605
I, mA 8.0072 9.9994
0.0005774 -1.2 0.00577
0.00000302 1.2 -0.00242
P, MPa 0.100006 -800.6239
0.000005774 -1.2 -0.00462
Measurand Estimation of | Combined standard Kurtosis of Coverage Expanded
measurand uncertainty measurand factor uncertainty, mA/MPa
Y, mA/MPa 80.0672 0.008237 -0.364 1.92 0.0158
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Fig. 2. Result of Monte-Carlo simulation

Monte Carlo simulation [5] (Fig. 2) gives us the
following estimates of the distribution of the measured
quantity: MMK y=80.0672; U=0.0157; u(y)=0.00824;
k=1091. These estimates are the closest to those ob-
tained by the kurtosis method.

The value of the expanded uncertainty excluding
correlation is U= 0.023mA/MPa. Thus, taking corre-
lation into account when processing the measurement
results allows us to reduce the expanded measurement
uncertainty of the transducer factor by 1.22—1.27 times.

Conclusions

1. Expanded uncertainty evaluation according to
the GUM method does not allow obtaining a reliable
estimate of the expanded uncertainty of measurements
in the presence of an observed correlation between the
values of the input quantities.

2. Analysis of the joint probability density func-
tion of the function of correlated input quantities and
the reduction method allowed us to propose a for-

mula for calculating the effective number of degrees of
freedom, taking into account the observed correlation
between the values of the input quantities.

3. The proposed approach made it possible to
obtain a formula for estimating the expanded uncer-
tainty by the kurtosis method, taking into account the
observed correlation between the values of the input
quantities.

4. An example of estimating the expanded un-
certainty in determining the coefficient of the PC-28
pressure sensor transducer is considered. Estimates of
the distribution of the measured quantity obtained
using the Monte Carlo simulation showed that they
are closest to the estimates obtained by the kurtosis
method.

5. The considered example has shown that ta-
king into account the correlation in the processing of
measurement results makes it possible to reduce the
expanded measurement uncertainty of the converter
coefficient by a factor of 1.22—1.27.
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AnoTaujis

Hagseneno Bupa3s [u1si OIiHIOBaHHSI CyMapHOI CTaHAapTHOI HEBU3HAUYEHOCTI 3 ypaXyBaHHSIM CITOCTePEXyBaHOI KOPEJISIIii

MiX OLliIHKaMu JIBOX BXiZHMX BequuuH. IlpoanHanizoBaHo HaBeneHy B GUM dopmyny Benua-Carrepcseitta. [TokaszaHo, 1110
po3paxoBaHe 3a 1i€lo (HOpPMyJOI0 YUCIO CTYNEHiB cBOOOAM Oyne 3MiHIOBAaTUCS B IIMPOKUX MeEXaX TMpU 3MiHi 3HAYEHHS
KoedillieHTa Kopeslii, a B JeSIKUX BUMAIKaXx MOXe NMpUiiMaTU HENpUIyCTMME HYJIbOBE 3HaueHHs. HaBemeHo Bupas mis
00YMCJIEHHsI CyMapHOI CTaHIApTHOI HeBM3HAUYEHOCTI MeToAOM penykilii. [TokazaHo, 1110 YMCI0 CTYNeHiB CBOOOAN B 1IbOMY
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METO/Ii He 3aJieXXWThb Bill 3HaUeHHST KoedillieHTa kopesiii. TakuM 4MHOM, OLIiHIOBaHHSI PO3IIMPEHOI HEBU3HAUYEHOCTI 3a
meronrkolo GUM He n03BoJsIE OTpUMATU JTOCTOBIPHY OLIIHKY PO3IIMPEHOI HEBM3HAYEHOCTI BUMIpIOBaHb 32 HAasIBHOCTI KO-
peJslii, 10 CIOCTepiraeThesl MiXkK 3HAYCHHSIMM BXiTHMX BEJIMUMH. 3alIPOIIOHOBAHO (hOPMYITY IJISI pO3PaXyHKY €(PeKTUBHOTO
Yucia CTYMEeHiB CBOOOAM 3 ypaXyBaHHSIM CHOCTepexXyBaHO1 kopessiiii. [TpoaHaizoBaHO icHYIOUMIA BUpa3 JUisi OOYMCIICHHS
eKclecy BUMIpIOBAHOI BEJIMUMHM 1 3alIPOIIOHOBAHO BMpa3 ISl pO3PaXyHKy €KCIeCy BUMIpIOBAHOI BEJIMUMHM 3a HAsIBHOCTI
KOpeJIALil MiX BXITHUMU BeIMYMHAMU. PO3MISIHYTO MpUKIIAA OLIIHIOBAHHS PO3IIMPEHOT HEBU3HAYEHOCTI NMPU BUMipIOBAHHI
KoedillieHTa nmepeTBOpIoBaya gaBaya TUCKY 3a JONOMOrow Kajiiopatopa. OLiHKKA po3Mo/ijly BUMipIOBaHOI BEJIMYMHU, OTPU-
MaHi 3a JOTIOMOT0I0 MOJeoBaHHsI MeTogoM MoHTe-Kapio, mokaszaiu, 1o BOHU HaiOLIbII OJM3bKi 10 OLIIHOK, OTPUMaHUX
METOJIOM eKcliecy. Po3rissHyTuii nmpukiian rmokasaB, 110 O0JIiK KOpeJsiii npu oOpoOli pe3ysbTaTiB BUMIpIOBaHb J03BOJISIE
3HU3UTU PO3IIMPEHY HEBM3HAUCHICTh BUMipIOBaHHSI KoedillieHTa IepeTBoproBava B 1,22—1,27 pasu.

KinrouoBi ciioBa: HEBM3HAYEHICTh BUMIPIOBAHb; KOpesslis; e(eKTUBHE YUCIO CTYIEHIB CBOOOIU; METON E€KCLECIB.
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AHHOTAIMSA

IMpuBeneHO BhIpakeHKE IJIsI OLIEHUBAHUSI CYMMapPHOI CTaHIapTHOM HEOIpeNeJeHHOCTH ¢ YUeTOM Ha0I0aaeMoil Koppe-
JISILIMY MEXITy OLIEHKaMU JIBYX BXOIHBIX BeJn4uH. [IpoaHanusupoBana npuseaeHHass B GUM ¢dopmyna Bemua-CatrepcBeiiTa.

IMpemnoxena gopmyna mist pacyera 3¢hGEKTUBHOIO YHCia CTeNeHel CBOOOIbI ¢ YYETOM HaOJIogaeMoil Koppeisi-
uuu. [1IpoaHanu3upoBaHO CYILIECTBYIOIIEE BbIPAKEHUE ISl BHIYMCIACHUS KCIlecca M3MepsSieMOi BEIMYMHBI U MPELIOKEHO
BBIpaXKCHUE [UIST pacyeTa dKClecca M3MEpSeMOM BEJIMUMHBI TP HAJTUIUU KOPPEJISIUA MEXKIY BXOTHBIMU BEIUYMHAMU.
PaccmotpeH mpuMep OLieHMBaHUS pacIIMPEHHOM HEONpeneJeHHOCTU MPU U3MepeHuU KoadduiMeHTa mpeodpaszoBartesist
[IATYMKA OABJIEHMS C IOMOIIBIO KajaumOpartopa. OLEHKM pacIipele/ieHUs] U3MEPSEMOil BEJIMYMHBI, ITOJIyYEHHBIE C ITOMO-
1Ibl0 MoneaupoBaHus MeTonoM MoHTe-Kapio, mokasaiu, 4To oHM HauboJjee OJU3KU K OLIEHKaM, MOJyYeHHbIM METOI0M
9KcLecca. PacCMOTpeHHBI MpUMeEp IOKAa3ajl, YTO y4eT KOppPesSLMM IpKU 00paboTKe Pe3yJbTaToB M3MEPEHUIA ITO3BOJISIET
CHU3UTh PaCIIMPEHHYIO HEOIpeaeIeHHOCTh U3MepeHUst KoadduiimeHTa npeoodopasopatens B 1,22—1,27 pa3a.

KiioueBbie cj10Ba: HeoNpeneIeHHOCTh M3MepeHHUs; Koppessuus; 3¢b(eKTUBHOE YKMCIO CTeleHel CBOOOIbI; METON
JKcIecca.
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