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Abstract

In order to develop optimal data processing algorithms in ballistic laser gravimeters under the effect of correlated
interference, the method of generalized least squares is applied. In this case, to describe the interference, a mathematical
model of the autoregression process is used, for which the inverse correlation matrix has a band type and is expressed
through the values of the autoregression coefficients. To convert the “path-time” data from the output of the coincidence
circuit of ballistic laser gravimeters to a process uniform in time, their local quadratic interpolation is used.

Algorithms for data processing in a ballistic gravimeter, developed on the basis of a method of weighted least squares
using orthogonal Hahn polynomials, are considered. To implement a symmetric measurement method, the symmetric Hahn
polynomials, characterized by one parameter, are used.

The method of mathematical modelling is used to study the gain in the accuracy of measuring the gravitational
acceleration by the synthesized algorithms in comparison with the algorithm based on the method of least squares. It is
shown that auto seismic interference in ballistic laser gravimeters with a symmetric measurement method can be significantly
reduced by using a mathematical model of the second-order autoregressive process in the method of generalized least squares.
A comparative analysis of the characteristics of the algorithms developed using the method of generalized least squares, the

method of weighted least squares and the method of ordinary least squares is carried out.
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Introduction

One of the important factors that determine the
accuracy of measuring the gravitational acceleration
(GA) by ballistic gravimeters is the effect of seismic
interference. In the classical works [1—3], devoted
to this problem, the main attention is focused on
measuring the GA using the method of ordinary least
squares (OLS) when processing the data on the motion
of the test body (TB). At the same time, as shown in
[4—9], the use of the method of generalized LS (GLS)
and the method of weighted LS (WLS) is often more
promising for the GA measurements.

Practical application of these LS extensions
requires knowledge of the statistical properties of
the interference (a priori difficulty). In addition, the
implementation of GLS in data processing is hampered
by significant computational difficulties associated
with the need to invert correlation matrices of large
dimension. These difficulties can be overcome by
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using parametric time series models, in particular,
autoregressive processes, in which it is assumed that
the readings are equidistant in time. In order to take
advantage of this opportunity, it is required to ensure
the equidistance of the “path-time” readings at the
input of the processing device.

The purpose of this work is to develop interference-
immune methods for measuring the GA by ballistic
laser gravimeters (BLGs) using modern data processing
methods.

Additional  opportunities for developing
interference-immune methods for measuring the BLG
GA arise in the case of uniform spaced “time-path”
readings, when well-developed time series models can
be used to describe the interference. To convert non-
uniform “path-time” data from the output of existing
BLG matching schemes to a series uniform in time, an
approach based on local quadratic data interpolation
is used [10].
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As known [1, 3], the ballistic method of absolute
measurements of the GA is based on the description
of the motion of the TB in the vertical direction by
the polynomial

x(t)=a, +at+at’, (1)

where parameters a, and a, have a physical meaning in
respect to the path and speed of the TB at the initial
moment of time, and parameter a, is half of the value
of the GA being measured.

Taking into account (1), the problem of measuring
the GA is solved by the methods of polynomial
regression analysis (RA), in which the GA value is
estimated as twice the value of the second-order
regression coefficient g =2a,.

Problem statement and methods of regression analysis

It is assumed that at the moments of time 7,
k=0,...,K-1 data are recorded, which is the sum of
the signal x(f) in the form of a polynomial (1) and
interference &(7)

z(1) = x(1) +&(2). 2

It is required to find unbiased linear estimates
of the coefficients a,,a,,a, with minimum standard
deviations relative to the true values. It should be noted
that in problems of gravimetry, only the coefficient a,
is of practical importance.

Let us write the observation equation (2) in matrix

form [9, 11]
Z=Xa+§,
where vectors
Z = (2(ty).)-2(te )" E = (E(1,))- 1)) d = (ay,a,,a,)"

and the regression matrix

1ot
yo|loh ¢’
2
1 tK—I tK—l

For signal processing in BLG, three main methods
of regression analysis of data can be used [9, 11]:
1) OLS; 2) GLS; 3) WLS. When using them, the
estimate of the vector of regression parameters is formed
in accordance with the following expressions [11]:
1) OLS estimate

i=(X"X)'X"Z
2) GLS estimate

i=(X"R'X)'X"R'Z, 3)

where R is the interference correlation matrix;
3) WLS estimate

a=X"WX)'X"WZ,
where W is the diagonal weight matrix.

Model of autoregression processes

Let us consider the advantages of describing the
additive interference §(f) by an autoregressive model
(AR model) [12].

The autoregressive process is one of the most
widely used models and has a form of a time series,
which in many applied problems is generated from
equidistant readings of continuous time processes:
& =E(kA)), k=0,1...

AR process is a time series model in which the
values of the time series at a given moment are linearly
dependent on the previous values of the same series.
The values of AR process of order p adhere to the
equation [12]

E_)x = (Plék—l + (pzékfz t.t (Ppak—p M

where ¢,,....¢, are the autoregressive coefficients;
n..k€Z is the stationary uncorrelated random
sequence with variance o2

Let us consider in more detail the second-order
AR model, which describes the processes in oscillatory
systems exposed to random influences.

The power spectral density of the AR process of
the second process is described by the expression [12]

p()=25"|H(f. 0<f<1/2,

where function

IH()|= | !

1- (P|eij2nf - (P267

janf

can be interpreted as the frequency response of the
filter that forms the AR process from white noise.

If the condition ¢; +4¢, < 0 is satisfied for the AR
coefficients, then the AR process is a pseudo-periodic
one. In this case, the frequency response of the shaping
filter and, accordingly, the spectral power density of
the second-order AR process has a single maximum at
the frequency v, =(2m) 'arccos (0.5],|/ R).

AR processes have a remarkable property: the
inverse correlation matrix of their readings (sometimes
of a very large dimension) has a band structure and
is expressed in a known way through the values of
the autoregressive coefficients [13]. The band structure
of the inverse interference correlation matrix greatly
simplifies the implementation of the GLS algorithm
for estimating the regressive coefficients (3). To do
this, one should estimate the coefficients of the AR
model and avoid inverting high dimensional correlation
matrices, which are often ill-conditioned.
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Auto seismic interference and BLG mechanical system

The result of the GA measurement by ballistic
gravimeters is influenced by the following additive
interference [7, 8]: 1) external seismic interference;
2) auto seismic interference; 3) sampling inter-
ference.

A special danger for BLGs that implement
a symmetric measurement method is represented by
auto seismic interference that arise when pushing
the TB. In this case, one speaks of the auto seismic
effect, which can lead to systematic errors in the GA
measurement. In gravimeters with an asymmetric
method for measuring the GA, auto seismic
interference also appear when the TB is released,
however, its effect on the measurement error is much
less [8].

Using the method of simulation modeling, we will
show the possibility of reducing the auto seismic effect
on the result of GA measurement by applying the GLS
method in signal processing with the description of the
interference by the AR model.

When modeling auto seismic effects, we will assume
a rigid attachment of the reference reflector (RR) of
the BLG interferometer relative to the foundation and
use a model of the BLG mechanical system in the
form of a mass m, mounted on a spring with a stiffness
coefficient ¢, and a damper with a viscous friction
coefficient b, [5—8]. Here m, is the total mass of the
foundation, ballistic unit and devices installed on it,
¢, is the stiffness coefficient of the soil foundation,
b, is the viscous friction of the foundation. Following
[5—8], the parameters of the mechanical model
are set as follows: m;=3000kg; c,=125.88 MN/m;
b,=73743.2N-s/n mass of the TB m=0.08kg initial
speed of the TB v=1.4m/s. The acceleration of the
TB is provided by the force action of a rectangular
shape with an acceleration time of 50 ms.

As a result of modeling according to the
procedure described in [5—8], we obtain damped
oscillatory movements of the foundation of the ballistic
gravimeter, which occur after each push. Obviously,
such oscillations can be well described by the second-
order AR model.

Representation of auto seismic interference by the
AR process

In the case of the accepted model of the BLG
mechanical system, the RR oscillatory movements to-
gether with the foundation cause the corresponding
additive interference at the output of the “path-time”
measurement scheme (PTM), which is described by
a second-order differential equation. After local qua-
dratic interpolation of data from the output of the
PTM scheme with a certain step A=0.5ms, we ob-
tain a time sequence of equidistant time readings of
the form

z,=x,+&,, k=0,...,K-1,

where x, =a,+akA+a,(kA) is the desired signal;
&, =08, 70,5, ,1n, is the interference that is de-
scribed by the AR process.

The AR process can be represented as a process
at the output of a shaping filter, which receives “white
noise” at its input. The power spectral density of
the AR process is determined in a known manner
by the frequency response of the shaping filter. For
the case of the accepted simulation conditions, it has
a form typical for a second-order oscillatory system

with a carrier frequency f, =(2n)"'\c,/m,.

Implementation of the generalized least squares method
for measuring the gravitational acceleration based
on the model of the second order AR process

To implement the GLS, knowledge of the
interference correlation function (matrix) is required.
It can be estimated by observing the interference
readings &(f) with the special sensors installed on
the basement of the BLG or the reference arm of
the interferometer, or by the residuals of the AR
after excluding the second-degree polynomial from
the “path-time” signal formed inside the BLG. To
obtain sufficiently accurate estimates of the correlation
functions, a large volume of samples is required, and
even in this case, problems may arise when inverting
the correlation matrices in algorithm (3). However,
the situation is simplified when the interference is
described by the AR model. In this case, to construct
estimates of the interference correlation functions,
several parameters should be estimated. In the case
of the second-order AR model, there are only two
parameters: ¢, and ¢,. To estimate them, we use the
covariance method [14], which minimizes the mean
square of the linear prediction error of the AR process
and, in the case under consideration, is reduced to
solving the system of equations

zaxék-l = (plzzéi-l + QZZ&A—Z%I:-I;
ngék-z = QlZék-]ék-Z + (Pzzéz-z’

where summation is performed over some set of
readings ke S c{l,..., K-1}.

The most important characteristics of the processing
method used in BLG are the weight function (WF) of
the gravimeter and its frequency response (FR) [7, §].
The weight function characterizes the influence of the
second derivative of the TB movement relative to the
RR on the measured value of GA, while the FR of
the gravimeter describes the effect of the frequency
interference components on the GA measurement
result.

The FRs of gravimeters with OLS and GLS
processing with a processing time of 0.20 s are shown
in Fig. 1 by dashed and solid curves, respectively.
From the shape of the last curve, it can be seen that
in the FR of the gravimeter, which implements the
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Fig. 1. Frequency response of the gravimeter that implements processing by
the method of ordinary least squares and the method of generalized least
squares

GLS processing, there is a dip in the frequency domain
close to the resonance frequency of the auto seismic
interference f, = 32.5 Hz, which corresponds to the
normalized frequency v, = f;A~0.0163 in the graph.
This feature of the FR reflects the rejection of the most
intense frequency components of the interference.

Fig. 2 shows the dependence of the auto seismic
component of the error (ASE) of the GA measurement
on the duration of the processing interval for the case
of OLS processing (dashed curve) and GLS processing
(solid curve).

From the course of the dependencies shown in
Fig. 2, it can be concluded that the uncertainty of
the GA measurement is approximately three times
lower when the GLS processing is used in the BLG
as compared to the OLS processing.

Rejection of auto seismic interference using the method
of weighted least squares in signal processing

To reject the effect of auto seismic interference
on the accuracy of the GA measurement, along with
the GLS processing of signals in the BLG, the WLS
processing can be used. Its implementation does not
require exact knowledge of the correlation properties
of the interference. The method of WLS assumes the
use of weight windows. Hahn functions of the form
[7] can be used as such windows, where the window
shape is specified by a single parameter o >—1.
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Fig. 3. Frequency response of the gravimeter that implements processing
by the method of ordinary least squares and the method of weighted least
squares
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Fig. 2. Dependences of the auto seismic component of the error in measu-
ring the gravitational acceleration on the duration of the processing inter-
val for processing by the method of ordinary least squares and the method
of generalized least squares

In order for the WLS processing to be effective,
it is necessary to choose a weight window taking into
account the spectral composition of the interference.
In the case of using Hahn polynomials, as shown in
[7], the parameter value should be chosen positive
if high-frequency spectral components prevail in the
additive interference and negative if low-frequency
components prevail.

Fig. 3 shows the FRs of gravimeters that
implement the OLS (dashed curve) and WLS (solid
curve) processing with a processing time of 0.20 s
and a value of parameter a=0.8. It should be noted
that this value of the parameter o was selected taking
into account the specific properties of auto seismic
interference in the model experiment.

From the course of the FRs shown in Fig. 3, it
can be seen that the WLS processing provides a better
rejection of high-frequency spectral components of the
interference than the OLS processing.

Fig. 4 shows the ASE dependences of the GA
measurement on the duration of the processing interval
for the case of the OLS processing (dashed curve) and
the WLS processing with the Hahn window at a=0.8
(solid curve), which were constructed by the simulation
method for the conditions described above. From the
course of these dependencies, it can be concluded that
the uncertainty of the GA measurement is reduced by
approximately one and a half times when using the
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Fig. 4. Dependences of the auto seismic component of the error in the GA
measurement on the duration of the processing interval for processing by the
method of ordinary least squares and the method of weighted least squares
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WLS processing in BLG as compared to the OLS
processing.

Conclusions

1. The method of GLS can be simply implemented
using an interference model in the form of an AR
process. With known correlation characteristics of
the interference, it provides unbiased estimates of the
required parameters of polynomial regression with the
minimum possible standard deviation.

2. The method of GLS makes it possible to
effectively reject the effect of additive narrow-band

interference in the middle frequency range in comparison
with OLS due to the worse rejection of high-frequency
interference. To implement the method, detailed
knowledge of the characteristics of the interference is
required.

3. The method of WLS is a kind of compromise
between OLS and GLS. In it, a greater rejection of the
effect of additive narrow-band interference in the middle
frequency range in comparison with OLS is achieved
due to the worse rejection of low-frequency interference.
To implement the method, detailed knowledge of the
characteristics of the interference is not required.
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AHoTauis

Po6oTy npuUCBSIYEHO CTBOPEHHIO QJITOPUTMIB ONTUMAIILHOI OOpPOOKM JaHUX Yy OaliCTUUHUX JIa3epHUX IpaBiMeTpax
3 ypaxyBaHHSIM TOTO, 1110 CEMCMi4Hi 3aBagy € KOpeJbOBAaHUMU MpPOLECaMMU.

s moOynoBr ONTUMAJIbHUX aJITOPUTMIB OOPOOKM JaHUX Yy OaliCTUYHMX JIa3epHUX rpaBiMeTpax Ha (POHI KOpeabOBaHUX
3aBaJl 3aCTOCOBAHO y3araJbHeHWII MeTOI HaliMeHIIMX KBaapatiB. [1py [IbOMY JUIsSI ONUCY 3aBaayl BUKOPUCTAHO MaTeMaTUUHY
MOJIEIb MPOLIECY aBTOPErpecii, Mj1sl SIKOi oOepHEeHa KopessiiiiHa MaTpUlsl Ma€ CTPIUKOBUI XapakKTep i BUPAXKAETbCS Yepe3
3HaueHHs1 KoedilieHTiB aBroperpecii. s nepeTBOpeHHs AaHUX “LIIsIX-4ac” i3 BUXOMY CXeMH CIHiBMadiHHSI OaiCTUYHOrO
JIa3epHOTO TpaBiMETpa 10 PiBHOMIPHOIO B Yaci MpolECy BUKOPUCTOBYETHCS IX JIOKaJbHA KBaApaTUYHA iHTEPIOJSILLis.

PosrnsiHyTo anroputMu 00poOKM AaHUX Y OaJicCTUMHOMY TpaBiMeTpi, MoOyq0BaHI HA OCHOBI 3BaXEHOTO METONy Hali-
MEHIIMX KBaApaTiB i3 3aCTOCYBAaHHSIM OPTOTOHAJbHUX MOJIiHOMIB XaHa. [l peasizalii CMMETPUYHOTO Crioco0y BUMIipIOBaHHS
BUKOPUCTAHO TOJIIHOMU XaHa CUMETPUYHOTO BUIY, IO XapaKTepU3YIOThCsS OMHUM TapaMeTpOM.

MeToaoM MaTeMaTUYHOTO MOJIEIIOBAHHS JOCIIIXKEHO BUTpalll y TOUHOCTI BUMipIOBaHHS MPUCKOPEHHS BiJIbHOTO IMaiH-
HSI CHHT€30BaHUMU JITOPUTMAMHK y TIOPiBHSIHHI 3 aJlTOpUTMOM, 3aCHOBAaHUM Ha METOJi HaliMeHImux KBampartiB. [lokazaHo,
10 aBTOCEMCMiuHi 3aBaju B OaJiCTUYHMX JIa3epHUX IpaBiMeTpax i3 CUMETPUYHUM CIIOCOOOM BUMIPIOBaHHSI MOXYTh OyTU
3HAYHO OcjabieHi MpyW BUKOPUCTaHHI B y3araJbHEHOMY METONi HAWMEHIIMX KBaJpaTiB MaTeMaTUYHUX MOJENell IMpoiiecy
aBToperpecii Apyroro nopsiaky. BUKOHaHO MOPiBHSUIBHUI aHali3 XapaKTEpUCTUK aJrOPUTMIB, MOOYIOBaHUX i3 BUKOPHUC-
TAHHSM y3aTaIbHEHOTO METONy HalMEeHIIMX KBaapaTiB, 3BaK€HOTO METOMY HAMEHIIMX KBAaIpaTiB Ta 3BUYANHOTO METOMIY
HalMEHIIMX KBaIpaTiB.

KirouoBi ciioBa: aBroceiicMiuHa 3aBajia; BaroBi (hyHKIIil; KOpeJabOBaHi 3aBajy; MOJiHOMU; MPOLIEC aBTOPErpecii; npu-
CKOPEHHSI BiUILHOTO IMaIiHHSI.
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AHHOTAIMSA

PaboTa mocBsiIeHa CO3MaHUI0 aITOPUTMOB ONTUMAJTBHONM 00pabOTKK TaHHBIX B OAJUTMCTUYCCKUX JIA3ePHBIX TPaBUMETPax
C Y4ETOM TOTO, YTO CEACMUYECKHUE IMOMEXU SIBIISIOTCS KOPPEJIMPOBAHHBIMU IIPOLIECCAMMU.

J171s1 TIOCTPOSHMSI ONTUMAJILHBIX aJITOPUTMOB 0OpPAaOOTKM JAaHHBIX B OAJUIMCTUYECKMX JIA3€PHBIX TpaBUMETpax Ha (oHe
KOPPEIMPOBAHHBIX TTOMEX MPUMEHEH OOOOIIEeHHBI METON HAaMMEHBIIUX KBaapaTOB.

PaccMOTpeHbI aIrOpUTMBI 00pa0bOTKY JaHHBIX B OA/UIMCTUYECKOM I'PaBUMETPE, ITOCTPOEHHBIE HA OCHOBE B3BEILIEHHOTO
METOJIa HAMMEHBIIIMX KBaJApaToOB C MPMMEHEHUEM OPTOTOHAJIbHBIX MOJMHOMOB XaHa.

MeTomoM MaTeMaTHYECKOro MOIEIMPOBAHUS MCCIIEIOBAH BBIMIPHIII B TOYHOCTH M3MEPEHHUSI YCKOPEHMSI CBOOOTHOTIO
MaJieHus] CUHTE3UPOBAaHHBIMM aJITOPUTMaMU IT0 CPAaBHEHMIO C aJITOPUTMOM, OCHOBAHHBIM Ha METOIe HAMMEHBIINX KBaIpaToB.
[TokazaHo, YTO aBTOCEHCMMUYECKUE ITOMEXM B Oa/UIMCTUYECKMX JIA3€PHBIX TIPABUMETPAX C CUMMETPUYHBIM CIIOCOOOM
U3MEPEHMUST MOTYT ObITh 3HAYMTEJIBHO OCIa0JIeHBI TPU KCIOJB30BAaHUMU B OOOOIIEHHOM METONE HAaWMEHBIIMX KBaIpaToB
MaTeMaTU4YEeCKOl MOIEIU IIPOoLecca aBTOPErpecCUr BTOPOTrO MOPSAKA. BBIIOIHEH CpaBHUTENbHBINA aHAIU3 XapaKTePUCTUK
aJITOPUTMOB, TIOCTPOEHHBIX C MCIIOJb30BaHWEM OOOOIIEHHOTO MeTOola HAaWMEHBIIMX KBaJpaToB, B3BEIIEHHOTO MeETona
HaMMEHbIIKMX KBAIpaTOB M OOBIYHOIO METOda HAaMMEHbBIINMUX KBaIpaToOB.

KioueBbie cioBa: aBToceiicMuyecKasi rmoMexa; BecoBble (DYHKIIMM; KOPPEJIUPOBAHHbIE MOMEXU; MOJMHOMBI; MPOILECC

aBTOpPErpeCcCcrumn,; yCKOPEHUEC CBOOOJTHOTO TaACHMSI.
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