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Abstract

The features of measurement uncertainty evaluation of the coordinates of an air object by the rho-theta fixing are
discussed. Measurement models are presented that link its coordinates in the local rectangular coordinate system with
the spherical coordinates of air object, found using a rangefinder and a goniometer. The models include a correction for
determining the location of the base station, a correction for determining the angle of elevation due to inaccuracies in
the leveling of the station platform and azimuth, and a correction related to the inaccuracy of the station’s reference to
the north. The measurement uncertainty budgets of rectangular coordinates which can be a basis for creation of software
for automation of calculation of measurement uncertainties are resulted. Estimates of expanded uncertainties are found by
the method of kurtosis. Expressions for the relative standard uncertainties of coordinate measurements are written and an
example of their estimation for real data is given.
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Introduction

The problem of an air object (AO) spatial
coordinates determining is widely used in geodesy,
radio navigation, radio-, optical and acoustic locations
[1—4]. Depending on the number of reference stations
used in this case (radar, optoelectronic or acoustic)
and their capabilities, this problem is solved by various
methods. The rho-theta fixing (positional method) [5],
considered in this article, is limited to the use of only
one reference station (RS) containing a rangefinder
and a goniometer (direction finder). It belongs to the
active methods of location, since it requires radiation
from the RS to determine the distance to the object.

Fig. 1 shows the local coordinate system, in which
the OY axis is directed along a plumb line to the earth’s
surface; the OX axis is located in a plane perpendicular
to the plumb line at point O and makes an angle with
the meridian plane of the origin of the coordinate
system, defined as the geodetic azimuth, counted in
the clockwise direction from the north direction; the
0Z axis is drawn so that a right-handed rectangular
coordinate system is formed. From the location of the
station O, the rangefinder determines the slant range
OP = p, and the direction finder sets the direction
to the target, i.e. its azimuth a and elevation angle 3
(the angle between the direction to the target and its
projection onto the XOZ plane).
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Through these parameters of the spherical
coordinate system, the local Cartesian coordinates (x,
v, z) of the object are determined in accordance with
the equations [6]:

x=pcos(B+06,)cos(a+dy)+39,, (D)
y=psin(B+38;)+3,, (2
z=pcos(B+d,)sin(a+0dy)+95., 3)
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Fig. 1. Relationship between Cartesian and spherical coordinates
of the object
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in which Sx, Sy, d_are the corrections for determining
the location of point O; 6, is the correction for
determining the elevation angle associated with the
inaccuracy of leveling the RS platform; 6, is the
correction for determining the azimuth, associated with
the inaccuracy of referencing the RS to the direction
to the north.

Basic part

If the mathematical expectations of all correc-
tions are taken equal to zero, then the values of the
measurands Xx,y,z can be determined from expres-
sions (1) — (3) by substituting in them the values of
the input quantities p, o, E:

* = pcos(B) cos(Q); 4)
3 =psin(B); (5)
z = pcos(P)sin(a). (6)

The expression for the standard measurement
uncertainty of the coordinate x can be written in ac-
cordance with the rule of variances summation [7] as:

(7

o _ e u@F +6 (OLu B)+u7 ()] +
+e2 (Ot () +u? (By)]+u2(d,)

where the corresponding sensitivity coefficients cp(x),
cﬁ(x) and c (x), are determined by the expressions:

¢, (x) = 2—:; =cosfcosa; 8)
c(x)= S—E =—psinfcosa,; 9)

(10)

Co(x) = 2_(); =—pcosPsina.

Similarly, we can write an expression for the stan-
dard measurement uncertainty of the coordinate y:

u(y) = \/[Cp NuP)P +c3 ([w? B)+u (S, +a* (3,),(11)

in which the corresponding sensitivity coefficients
cp(y), cy(y) are found as:

() =2 =sinp; (12)
op

Cg(y)=%=pcow, (13)

as well as the expression for the standard measure-

ment uncertainty of the coordinate z:

o [@UEF GG B+ Gl
+ (R (@) + 7 (8] +7(3.)

., (14)

where the corresponding sensitivity coefficients cp(z),
cB(z) and c_(z) have the form:

cp(z)=2—§=cosﬁsina; (15)
c(2) = 2—; =—psinPsina; (16)
ca(z)zg—izpcosﬁcosoc. (17)

The standard measurement uncertainty of the tar-
get slant range p is determined from the correspon-
ding boundaries +6, of the maximum permissible
error (MPE), assuming a uniform distribution of the
measurement error p within these boundaries:

u(p) =0, /3.

The standard uncertainties of the corrections (3 );
u(8,); u(d) for determining the location of the RS
standing point are determined from the corresponding
boundaries of the MPE £6(3,); £6(5,);£6(3.), assu-
ming a uniform distribution of corrections 3, Sy, 9.
within these boundaries:

(18)

u(8,)=0(8,)/\/3; (19)
u(3,)=0(3,)/V3: (20)
u(8.)=0(5.)/3. Q1)

In expressions (7), (11), (14), u(a) and u(p) are
the instrumental standard uncertainties of measuring
the angular coordinates a and 3 with a goniometer,
which can be found through the boundaries of the
MPE instrumental errors in measuring the azimuth
0, and elevation angle 6, and, respectively,
assuming a uniform distribution of instrumental errors
inside these boundaries as:

u(a) =0, //3;
u(B) =0,/3.

(22)
(23)

If the boundaries of the MPE of referencing to
the north direction are taken equal to 0, then, assu-
ming a uniform distribution of the referencing error
within these boundaries, we can write:

uy(a) =0y /3. (24)

If the boundaries of the leveling error MPE of
along each of the axes are taken equal to *0,, then,
assuming a uniform distribution of the leveling error
within these boundaries, we can write (Fig. 2):

up(B)=0,/3. (25)
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Since the standard uncertainties of all input U(y)=kMm,)u(y); 27)
quantities were determined according to type B and
a uniform distribution law was assigned to them, the U(z) =k(M.)u(z), (28)

expanded uncertainties of measurement coordinate (x,

y, z) are best searched for by the kurtosis method [8]:  Where the coverage factors for a confidence level of

0.95 are found by the formula:

U(x) = k(n, u(x); (26) kyos =0.10851 +0.1n+1.96 (29)
and the kurtosis of the distribution for (x, y, z) will be equal to:
oy 12l 0" v (x)[u4(l3)+u;$:))]+cé (' @)+ B+ 6] 30)
oy = LG OO + D B+ Gl +1'(,)) G1)
u: (y)
(o) - ALEEHOL + @l B+ u:,%))] Fe @l (@) +ut Gy )]t 6.)] 32

Formulas (30) — (32) take into account that the kurtosis of all input quantities having a uniform distribution
is equal to -1.2.

The uncertainty budgets of coordinates (x, y, z) measurements of the object will have the form given in
Tables 1-3.

Table 1
Uncertainty budget for the measurement of the x-coordinate
Inout Values Standard tainti Kurtosis Sensitivit
nli 1{[ of input art} ar tunce :.li.n 'S of input eri%l Vi 3] Uncertainty contributions
quantities quantities of input quantities quantities coefficients
p p u(p) (18) -1.2 c(x) (8) o (x)u(p)
o o u(a) (22) -1.2 ¢ (x)(9) Co (X)u(o)
p B u(p) (23) 1.2 ¢y@) (10) cp(x)u(B)
3, 0 u(d,) (25) -1.2 c,(x) (10) cp (x)u(dy)
3, 0 u(d,) (24) 1.2 c,(® (9) Co (X)u(Sy)
5. 0 u(3,) (19) 12 1 u(,)
Measurand | Combined standard | Measurand .
Measurand Value uncertainty Kurtosis Coverage factor Expanded uncertainty
x x4 u (x) (7) n() (30) k(n) (29) U (26)
Table 2
Uncertainty budget for the measurement of the y-coordinate
Input Values of input | Standard uncertainties | Kurtosis of input Sensitivity Uncertainty
quantitieS quantities of input quantities quantities coefficients contributions
p p u(p) (18) -1.2 c(»(12) ¢ (V)u(p)
B E u(p) (23) -1.2 c,(y) (13) cs(Mu(B)
8, 0 u(d,) (25) 1.2 c,(y) (13) s ()u(dn)
8, 0 u(d,) (20) -1.2 1 u(d,)
Measurand Combined standard Measurand .
Measurand Value uncertainty Kurtosis Coverage factor | Expanded uncertainty
y Y (5 u(y) (11) n(») (31) k(n) (29) U@27
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Table 3
Uncertainty budget for the measurement of the z-coordinate
Input Values of input S.taqdard . Kurtosis of Sensitivity . o
o . uncertainties of input|. . . Uncertainty contributions
quantities quantities iy input quantities coefficients
quantities
P P u(p) (18) 1.2 ¢ 2) (15) ¢, (2u(p)
o o u(a) (22) -1.2 c (2 (17) Co(2)u(ar)
p B u(B) (23) 12 c() (16) e (2)u(B)
3, 0 u(@,) (25) 1.2 c(2) (16) ¢ (z)u(8y,)
3, 0 u(d,) (24) -1.2 c (@) (17) Co(2)u(dy)
5. 0 u(d,) (21) -1.2 1 u(d.)
Measurand | Measurand Value Combined s.tandard Measurgnd Coverage factor Expanded uncertainty
uncertainty kurtosis
z z (6) uz) (14) n(z) (32) k(n) (29) U (28)

From expressions (7), (11), (14), it is possible to write expressions for relative standard uncertainties of coordinates
(x, ¥, z) measurement:

u(x)= uTx) = \/[ﬁ(p) cosBcosal’ +[u(B)sinPcosal? +[u(o)cosPsina]® +u%(3,), (33)
p
i) =2 = fa)sin T+ uPeos BT +77 5, (34)
. u(z) = ; : - -
i(z)=—== \/[u(p) cosPBsina ] +[u(B)sinBsina]* +[u(o)cosPcosal* +i*(3.), (35)
p

where #(8,)=u(8,)/p; u(d,)=u(d,)/p; @(8.)=u(3.)/p are the relative standard uncertainties of the corrections
3, Sy, 62; i(p) =u(p)/p is the relative standard uncertainty of measurement p.

For values p =1000 m; 9p=1.5 m; 6(3,)=6(3,)=06(5.) =1.8 m; 6_=0.6 mrad; Gﬁ =0.4 mrad; 6, = 0.1 mrad;
0, =6 mrad given in [9], the dependences of u(x), 7i(y), ti(z) on o.and f are obtained, shown in Fig. 2.
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Fig. 2. The dependences of i(x), ii(y) and #(z) on o and

54 Ukrainian Metrological Journal, 2022, No 1, 51-56



1. Zadorozhnaya, 1. Zakharov, A. Tevyashev

Conclusions

1. In measurement models linking AO coordi-
nates in the local Cartesian system with their spherical
coordinates found using a rangefinder and a goniometer,
it is necessary to include a correction for determining
the location of point O, a correction for determining
the elevation angle associated with the inaccuracy of
leveling the RS platform, as well as a correction for
determining azimuth associated with the inaccuracy
of referencing the RS to the direction to the north.

2. The expressions for the standard uncertain-
ties of measuring the rectangular coordinates of

the AO
ned.

3. Since the standard uncertainties of all input
quantities were determined according to type B and
a uniform distribution law was assigned to them,
then the expanded measurement uncertainties of
the coordinates are best searched for by the kurtosis
method.

4. Uncertainty budgets for measuring the AO
rectangular coordinates are given, which can serve
as a basis for automating the calculation of mea-
surement uncertainty.

in absolute and relative forms are obtai-
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AHoTamuis

BusHayeHHsI MPOCTOPOBUX KOOPAMHAT IMOBITPSIHOTO O0’€KTa LIMPOKO BUKOPUCTOBYETHCSI Y Teoje3ii, pamioHaBiraiiii,
palmio-, ONTUYHIN Ta aKyCTWUYHIii JIOKallisgX. 3aJeXXHO BiJ KiJIBKOCTI 3aCTOCOBYBAHUX IIPU LIbOMY OMNOPHUX CTaHILiM
(pamionoKauiiHUX, ONTUKO-€JEKTPOHHUX a00 aKyCTUYHMX) Ta IX MOXJIMBOCTEN, 1€ 3aBIaHHSI BUPILIYETbCS PI3HUMU
MeTogaMM. Y CTaTTi PO3MJISIIaloThCsl OCOOJIMBOCTI OLIIHIOBAaHHSI HEBM3HAYEHOCTI BMMIpIOBaHb KOOPAMHAT IOBITPSIHOTO
00’eKTa JaJIEKOMIpHO-KYTOMIipHUM criocoboM. HaBonmsiTbesi Monesi BUMIpIOBaHb, IO 3B’S3yIOTh MOT0 KOOPAMHATHU
y MiClIeBill JeKapTOBili CUCTeMi KOOpAMHAT 3i C(hepMUHMMU KOOPAMHATAMM TMOBITPSTHOTO 00’€KTa, 3HANIEHUMU 32 TOMTOMOTOI0
JIajeKkoMipa Ta KyToMipa. Y MOIENsSIX BKJIIOYEHO MOMNpPaBKy Ha BM3HAUCHHS PO3TalllyBaHHSI OTIOPHOI CTaHIIil, IOMPaBKy Ha
BU3HAUYEHHS KyTa Miclisl, MOB’sI3aHY 3 HETOYHICTIO TOPU30HTYBaHHS MIaTGOPMU CTaHIIil Ta BU3HAYEHHST a3MMYTy, a TaKOX
MOMpPAaBKY, MOB’SI3aHy 3 HETOYHICTIO MPUB’SI3KW CTaHIIl 10 HANpsIMKY Ha IiBHi4. BinmoBimHO mo mpaBuia IiaCcyMOBYBaHHS
NUCIIepCiii 3amucaHi BUpasu Uil CTaHAAPTHUX HEBU3HAUEHOCTEH BUMIpIOBaHHSI MPSIMOKYTHUX KOOpPAMHAT 00’€KTa.
HaBonsTbcst 610MKeTH HEBU3HAYEHOCTI BUMipIOBaHb MPSIMOKYTHUX KOOPIWHAT, SIKi MOXYTh OYTM OCHOBOIO JIJISI CTBOPEHHS
MporpaMHMX 3aco0iB ISl aBTOMAaTU3allii pO3paxXyHKy HeBU3HAYEHOCTEN BUMipIoBaHb. METOIOM €KCLECiB 3HAXOASAThCS OLIIHKU
PO3LIMPEHUX HEBM3HAUEHOCTEM. 3anucaHi BUpa3u IJIs1 BiTHOCHUX CTaHIAPTHUX HEBM3HAYCHOCTEI BUMiplOBaHb KOOPAMHAT.
HaBoautbest mpukian OLiHIOBAHHS BiZHOCHUX CTAHIAPTHUX HEBU3HAYEHOCTE BUMIipIOBaHb MPSIMOKYTHMX KOOpDAWHAT
MOBITPSTHOTO 00’€KTa JUIsl pealbHUX naHux. IToOymoBaHi rpadiyHi 3a7eXXHOCTI BiTHOCHMX CTaHIAPTHUX HEBM3HAYEHOCTEM
BUMIPIOBaHb MPSIMOKYTHUX KOOPIMHAT MOBITPSHOTO 00’€KTA BiJl a3uUMyTy Ta KyTa MiCLIsl.

KiouoBi c10Ba: KOOpAMHATHI BUMIPIOBAHHS; JAJIEKOMiPHO-KYTOMIpHUI METOJ; HEBU3HAYEHICTb BUMipIOBaHb; METOI
€KCILECIB.
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AnHOTAIMSA

B cratbe paccMaTpuBaloTCsl 0COOEHHOCTH OLIEHUBAHUST HEOTPENeIeHHOCTH M3MEPEHMST KOOPIUHAT BO3MYIITHOTO 00BEeK-
ta (BO) nanbHOMepHO-yImoMepHbIM criocoboM. [IpuBoasTCsS Monenu u3MepeHuid, CBSI3bIBAIOIINE €0 KOOPINHATHI B MECTHOM
NIEKapTOBOI cHCTeMe KOOPIMHAT O cheprIecKUMU KOOPIMHATAMM 11eJTH, HAalIEHHBIMU C TIOMOIIIBIO TaJTbHOMEpPA U yIJIoMepa.
[IpuBonsTcst GIOMXKETH HEOMPEeneNeHHOCTU M3MEpPEHUs] MPSIMOYTONIbHBIX KoopauHaT BO. Metomom 3KClLieCCOB HaXOMSTCS
OIIEHKU pacIIMPEeHHBIX HeolpeaeIeHHOCTel. 3acaHbl BRIpaKeHUST TSI OTHOCUTETbHBIX CTAHIAPTHBIX HEOTIpeNne/IeHHOCTEeM
U3MEPEeHUs] KOOPIMHAT U MPUBOIUTCS MPUMED MX OLEHUBAHUS IUIS1 PEATbHBIX TaHHBIX.

KiroueBbie cjioBa: M3MepeHre KOOPAMHAT; JaJlbHOMEPHO-YIIOMEPHBINA METOJ; HEOINPENEIeHHOCTh U3MEPEHUI; METOI

OKCLIECCOB.
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