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Abstract

One of the factors affecting the results of laser ranging measurements on ground-level traces is the difference between
the speed of light propagation in the Earth’s atmosphere and the speed of light in vacuum. This difference is accounted
for by the introduction of a correction for the mean integral refractive index of air along the measured trace. Research to
improve the accuracy of such a correction is one of the most important scientific fields in geodesy and metrology. At the
same time, the empirical approach to accounting for the atmospheric influence, which does not have a strict justification,
is used in geodetic practice and involves determining the mean integral refractive index by the average air temperature along
the measured trace. The paper is dedicated to the analysis of the accuracy of this empirical approach and to the estimation

of the possibility of its application for providing traceability in the practice of linear measurements.
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1. Introduction

To provide metrological traceability of linear
measurements from the 1 m length standard to distance
measurements in geodesy, geodynamics, navigation,
space research and others, the influence of the Earth’s
inhomogeneous atmosphere on the results of laser
range-finding measurements carried out on the ground-
level traces should be accounted for correctly. So, it is
first necessary to know the average integral refractive
index of air along the measured trace, as it determines
the main part of the atmospheric additional delay of
the optical signal, related to the difference of the signal
propagation speed in the atmosphere and in vacuum.
This part of the delay should always be excluded from
the results of high-precision measurements. A much
smaller contribution is given by another component
of the atmospheric delay due to the refractive bending
of the signal trajectory. It is necessary to consider
this component only for sufficiently long traces,
while for traces of less than 5 km it is usually negli-
gible.

Recently, the requirements for the accuracy of
determining the mean integral refractive index of the
air have increased significantly. It has led to the rapid
development of both methods for direct determination
of the atmospheric delay (hardware methods) [1] and
indirect determination based on the representation of
the integral of the refractive index along the trace of
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the optical signal using quadrature or interpolation
formulas (point approximation methods) [2, 3]. The
importance of the point approximation methods is that
they allow representing the average integral refractive
index as a function of the local values of meteorolo-
gical parameters (pressure P, temperature 7 and air
humidity e) in a few discrete points located along the
measured trace. The values of meteorological parameters
at these points can be easily measured by well-known
methods. At the same time, in some cases of geodetic
practice, despite continuously increasing requirements
to the accuracy of measurements, to account for
the influence of atmosphere, the empirical approach
based on evaluating the average air temperature along
the measured trace is used without strict substan-
tiation [4].

The purpose of this paper is to perform metrological
analysis of the empirical approach on simple examples,
which are considered below for traces up to 5 km long,
and to establish conditions under which its application
is justified.

2. Research results

In general, the ratio for the desired length of
the straight line L connecting the end points of the
measured trace can be represented as

L=r—-5CL, (D
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Here, ¢ is the speed of light in vacuum; T is
the signal travel time between the end points of the
measured trace (directly measured value); L is the
length of the laser radiation trajectory curved due to
the refraction in a non-homogeneous atmosphere;
O L is the refractive lengthening of the trajectory;
n is the mean integral value of the air refractive in-
dex n(c) along the trajectory.

In general, the trajectory, along which the integrals
in ratio (1) for 6 £ and » are taken, satisfies the ray
equation of geometric optics (o is the ray coordinate
counted along the trajectory).

Since the paper considers traces up to 5 km long,
the value 0 £ is negligibly small and is not accoun-
ted for hereafter. That is, it is assumed that L=L,
and the integrals in formula (1) are taken along
a straight line connecting the end points of the measured
baseline. In this case, to account for the influence of
the atmosphere, it is necessary to determine only the
average integral value of the refractive index along L

5c=[ds-L, n=c"Jn(c)do.

n= %:!.n(x)dx, ()

where x is the coordinate counted along L (straight
line).

The dependence of the refractive index on x is
due to spatial inhomogeneity of meteorological para-
meters of the atmosphere. Various variants of the
functional ratio n = f (T, P, e) accounting for this
dependence are known. The most accurate version
is the Siddor formula [5], which should be corrected
as justified in [6]. In this paper, estimates are made
to the magnitude order of the values of the analysed
quantities. For such estimations, it is advisable to use
less cumbersome ratios. In particular, the simplified
formula for the visible range of optical radiation is
recommended in [4], which provides the accuracy
required for the estimates

n=1+83.11-10°-L _11.4.10¢. 2 3)
T T

where air temperature 7" is expressed in Kelvin de-
grees K, and air pressure P and humidity e are
expressed in hectopascals hPa.

To simplify our calculations, we assume that air
pressure and humidity do not change along a ho-
rizontal trace L, and only temperature 7(x) depends
on the coordinate x along the trace. Note that from
the formula for refractive index (3) it follows that,
with a strict approach, the mean integral refractive in-
dex (2) in this case should be determined in terms
of the mean integral value of the quantity, which is
inverse to temperature

1\ 1
T(x)] L

dx
T(x)

4
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and not in terms of the mean integral value of the
temperature

(T() =

T(x)dkx, (&)

© C—y

~ =

as provided by the empirical approach under consi-
deration.

The methodological component of the error of
the empirical approach is determined by the difference
Zm—n_emp of the two results of calculating the value n
according to formula (2) (from this difference the
corresponding uncertainty component |n,,—n,,,|/3"
is estimated). For the first result (n,, is a rigorous
approach), the integral (2) accounting for formula (3)
with P and e unchanged along the trace is expressed

through integral (4) using the ratio

_ 1
=1+ (83.11'10%-P — 11.410%¢) <m> (6)

and for the second result (Zm,, is the empirical ap-
proach), integral (2) accounting for formula (3) under
similar conditions is expressed through integral (5)

to obtain a value
1
(T(x))

As a result, the ratio for estimating methodical
error takes the form

;mp=1 + (83.11-10°-P — 11.4-10%-¢)-

(4

(7

n

T 1y =(83.11-10° - P~1 1.4~10’°e){<ﬁ>—m:l.(8)

Next, consider two options for n,,—n,,,. The first
option assumes a linear change in the air tempera-
ture along the trace, which is usually observed on

a homogeneous underlying surface
T(x) = T, + grx, )]
where g, is the horizontal air temperature gradient

(along the trace). By using (9) and formulas (4)—(8),
accounting for equality 7;,= T, + g, ‘L, we obtain

TL
I A
o . = . 76. u— . 76 Pyp— 0 —
RNy =@31110° - P=11.4:107¢) | = |-(10)
o) L1 1+-L
0 0

The calculations according to formula (10)
were performed for the following input parameters:
T, = 293.15 K, T, = 291.15 K, P = 1013.25 hPa,
e = 13.33 hPa (the assumed temperature values
for a 1km long trace correspond to the horizontal
temperature gradient g = 0.002 K/m). It is shown that
Fm—n_emPZ 1.12-107, which corresponds to a methodi-
cal component of the distance error of 0.00146 mm on
a 1km trace. Therefore, to such traces (with tempera-
ture profile close to a linear one) we can apply the
empirical approach, when the average temperature
value along the trace is determined and used to
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calculate the average integral index of the air re-
fraction. For a 5km long trace, the above error of
0.00146 mm is realized in case of a linear change of
the air temperature along the trace with a smaller gra-
dient of g, = 0.0004 K/m.

In the second case, the estimation was performed
for a non-uniform temperature profile 7(x) represented
by a second degree symmetric polynomial
(I, -Ty)x (7, _TL/z)x2

T(x)=T,—4 A,

an

with extremum T, = T(x=L/2) at the middle point of
the trace x=L/2 and the same air temperature values
at the end points T(x=0)=T(x=L)=T,. The condi-
tions, under which a similar non-monotonic profile
is realized in practice, are typical for measurements
on an inhomogeneous underlying surface with land-
water-land areas, but in some cases, it is also possible
for traces passing only over land [4, 7, §].

Formula (8), accounting for dependence 71(x)
assumed according to (11), takes the form

ace

7w, —n, = (83.11-10°-P~11.4-10"¢)x

(12)
l — TL/Z
3 T

L/2

The estimation by formula (12) was performed
for 7,=293.15K, P=1013.25hPa, e=13.33 hPa,
T,,=291.15K, i.e. for the conditions that are crea-
ted for a 1 km long trace if the temperature at the
end points decreases inversely in the magnitude by
0.004 K/m, which provides a 2 K temperature decrease
at the middle point of the trace as compared to the
temperature at the end points. For a 5 km long trace,
such conditions are created by a non-monotonic
temperature change with a much smaller modulus of
its horizontal gradient of 0.0008 K/m. The resulting
methodological error does not exceed n_acc—n_emp=
=1.2-10?, which is close to the result obtained for
a linear temperature profile.

Thus, accounting for the influence of the
atmosphere, based on determining the average air
temperature along the trace (the empirical approach),
can be sufficiently accurate for both monotonic
and non-monotonic nature of the refractive index
dependence on the coordinate, counted along the
trace under consideration. However, to decide on the
possibility of its practical application, it should be
considered that the analysis performed in this paper
is based on model air temperature profiles. If real
profiles differ from the model ones, then the results

of estimations in the best case can only provide
understanding of the magnitude order of the estimated
methodological errors and should be specified for
each individual case.

To obtain more accurate data, all calculations
according to the methodology suggested in this paper
should be done with real profiles. At the same time,
the requirements for the number of intermediate
temperature measuring points for specific traces can
be established, providing the required accuracy of
accounting for the influence of the atmosphere when
using the empirical approach based on determining the
average air temperature value along the trace.

3. Conclusions

A quantitative analysis of the accuracy of the
empirical approach to account for the influence of
the Earth’s atmosphere on the results of distance
measurements carried out using electromagnetic waves
of the optical range on ground-level traces has been
carried out. The approach under consideration assumes
the determination of the mean integral refractive index
of air from the average air temperature along the trace.
The analysis is performed for both monotonic and
non-monotonic air temperature dependences on the
coordinate counted along the measured trace.

On the example of a monotone profile described by
the linear law of temperature changes along the trace,
it has been shown that for a 1 km long trace, the metho-
dological component of the distance measurement error
does not exceed 0.00146 mm for horizontal temperature
gradients of the order of 0.002 K/km. For a 5 km
trace, the above error of 0.00146 mm is realized in case
of a linear air temperature change along the trace with
a gradient of 0.0004 K/m.

Similar results were obtained for a non-mono-
tonic profile described by a symmetric parabola with
opposite temperature gradients at the end points
equal in modulo to 0.004°K/km for a 1 km trace and
0.0008°K/km for a 5 km trace. Such profiles are close
to those, which are realized for traces with a sharply no
uniform underlying surface, in particular when there
are land-water-land areas on this surface.

Thus, the approach under consideration for the
abovementioned variants of monotonic and non-
monotonic dependences of the air temperature on the
coordinate along the trace provides a negligibly small
component of the methodological error of distance
measurements on traces up to 5 km long, which allows
using it in cases when real temperature profiles are
close to model ones.

If real profiles under experimental conditions
differ significantly from those used in the analysis in
this paper, it is advisable to perform a preliminary
evaluation of the accuracy of the discussed empirical
approach just for these real profiles before deciding
on its use. The methods outlined in this paper can be
applied for such an evaluation.
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AHoTanis

Cepen YMHHUKIB, 10 CYTTEBO BIUIMBAIOTH HA PE3yJbTaTH JIa3ePHUX NATEKOMIpHMX BUMIpIOBaHb Ha HABKOJO3EMHUX
Tpacax, OCOOJMBO BaKJIMBE 3HAYEHHSI MA€ BiIMiHHICTh IIBMJIKOCTI MOLIMPEHHS CBiTJa B atMocdepi 3eMli Bif LIBUIKOCTI
CBiT/Ia Yy BakyyMi. ¥ paMKax T€OMETPUYHOI ONTHMKM HEOJHOPINHUX CEPeAOBUIL 1S BiAMIHHICTb BPaXOBYETHCS ILISIXOM
BBEJICHHSI B Pe3yJbTaTH BUMipIOBaHb KOPUTYBAJIbHOI MOMPABKHU, sIKa BUPAXAETHCS YEPE3 CEPENHbOIHTETPAIbHUN MOKA3HUK
3aJIOMJICHHSI TOBITPSI Y3IOBX BUMipIOBaHOI TpacH.

OcTaHHIM YacoM TMOMITHO 3pocja aKTMBHICTb OOCHIIKEHb i3 METOI TMiABUIIEHHS TOYHOCTI BU3HAYEHHS TaKoi
nonpaBku. i mnocaimkeHHs1 yBIAILLIM A0 YMC/ia HalaKTyalbHIIINUX i HAWMEepCIEeKTUBHIILIMX HAYKOBUX HAIpPSMIB ISl T€OAe3il
Ta MeTpoJiorii. BomHovac i BpaxyBaHHsI BIUTMBY aTMOchepH Yy reofie3nyHiil MpakTUlli Y4aCTO BUKOPUCTOBYIOTh €MITipUYHUIA
MiaXia, IKWii He Ma€e CyBOPOro OOIPYHTYBAaHHS i CIIMPAETHCSI Ha BU3HAYEHHS CepeAHbOIHTErpaJIbHOTO MOKa3HUKA 3aJIOMJICHHS
3 BUKOPUCTAHHSIM CEPENHbOI TeMIlepaTypy IMOBITPS B3IOBX BUMipIOBAHOI TpacHu.

VY crarTi BUKJIaAeHO pe3yJibTaT aHali3y TOYHOCTI LIbOTr0 eMITiPUYHOrO IMiaX0oay. AHajli3 BUKOHAHO 3 ypaXyBaHHSIM TOTO,
IO 3TiHO i3 3araJbHONPUUHATUMU (POopMyJaMU TOKA3HUK 3aJIOMJIEHHS TIOBITPSl HEJIIHIMHO 3aJIeXXUTh Bil TeMIlepaTypu.
OLIiHEHO MOXJIMBOCTI 3aCTOCYBAaHHS ITPOaHaJi30BaHOrO IMiXOAY 3 ypaxyBaHHSIM HEOOXiTHOCTI 3a0e3meyeHHsT MPOCTeXKYBaHOCTI
B MPaKTUL JiHIKHUX BUMipIOBaHb.

KirouoBi ci1oBa: BUMipIioBaHHSI; TOUHICTb; JIa3epHUIA TAaJIeKOMip; BpaXyBaHHSI BIUTUBY aTMoc(epu; TeMIieparypa moBiTps.
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