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Abstract

The discords concerning the measurement uncertainty evaluation in the Guide to the Expressing of Uncertainty in
Measurement (GUM) and its Supplement 1 are considered. To overcome these discords, the authors of the paper propose to
use the kurtosis method and the law of the propagation of the expanded uncertainty. Using the example of the goniometer
calibration, the features of accounting for the distribution laws of input quantities in the procedure for the measurement
uncertainty evaluation are shown. A model for direct measurements of the value of a reference measure of the angle using
a goniometer is written, the procedures for the measurement uncertainty evaluation are described, and uncertainty budgets for
each of the methods are given. An example of the measurement uncertainty evaluation when calibrating a digital goniometer
using a 24-sided reference prism is described. An estimate of the expanded measurement uncertainty for this example was
made based on the web-based software application NIST Uncertainty Machine, which showed a good agreement with the
estimates obtained by the considered methods. The technology of applying this software application for the confidence level of
0.9545, which the software lacks, is shown. The estimates of the measurement uncertainty obtained by the proposed methods,

Monte Carlo method and methodology of the Guide to the Expressing of Uncertainty in Measurement are compared.

Keywords: goniometer; calibration; measurement uncertainty; uncertainty budget; kurtosis method; law of propagation

of expanded uncertainty; Monte Carlo method.

Received: 02.03.2022

Edited: 24.03.2023

Approved for publication: 31.03.2023

1. Introduction

The standard ISO 17025:20017 [1] prescribes
the measurement uncertainty evaluation during tests
and calibrations. To accomplish this task, [1] recom-
mends using the methods described in the Guide to
the Expression of Uncertainty in Measurement (GUM)
[2]. However, the expanded uncertainty estimates
obtained using the GUM methods do not depend on
the probability density functions (PDF) of the input
quantities. This shortcoming of the GUM is elimi-
nated in its Supplement 1 [3] based on the Monte
Carlo method (MCM). However, it is known that
the measurement uncertainty estimates obtained using
[2] and [3] do not match even for the linear model
equations and the Gaussian PDF of all input quan-
tities. Therefore, when evaluating the measurement
uncertainty, it is advisable to rely on methods that lead
to results that are compatible with the results obtained
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using the MCM. Such approaches are described in [4]
and in the Recommendation [5] by the NSC “Institute
of Metrology”. Unfortunately, in both publications,
there are no examples of using the proposed approa-
ches to measuring angular values. Filling this gap, this
paper discusses the application of the kurtosis me-
thod and the law of the propagation of the expanded
uncertainty when calibrating the goniometer.

2. Basic theoretical relations

Goniometers are used to accurately measure angles
and are widely used in optical laboratories. Using a go-
niometer, the refractive indices and refractive angles
of prisms and crystals are determined, the parameters
of diffraction gratings are studied, the wavelengths of
spectral lines are measured, etc.

When calibrating the goniometer, the given angle
of the reference multifaceted prism a, is repeatedly
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Fig. 1. Goniometer calibration scheme

measured. The measurement scheme in this case
corresponds to the scheme “Direct measurement by
a calibrated measuring device of a value reproduced
by a reference measure” [6] and is shown in Fig. 1.
In this case, the bias of the value of the angle a,
which is measured by the calibrated goniometer from
the actual angle o, reproduced by the reference
measure, can be written in the form of a model [6]:

A=(a,+A,)—(a, +A,), (1)

where A, is the correction for the resolution of the
goniometer reading; A, is the correction for the
error in the basing of the reference measure.

Since the average values of both corrections AE
and &S are equal to zero, the calibration result is

taken as the estimate
A=a, -6, ()

where @, is the prism angle value taken from the
calibration certificate; o, is the arithmetic mean of
the results of n-fold measurements of the polyhedral
prism angle:

= Ya,. 3)

The standard uncertainty of the measurand u(&)
is found by the formula:

w(A) = i@ ) +u2(A) +1(@)+u2(A,),  (4)

where u(a,) is the standard uncertainty of the scat-
tering of the goniometer readings, which is equal to:

s(a,)
\/; s

in the case of using the methods in [2] and

a,) [n-1
Jn \n=3"

in the case of using the methods in [4, 5], the stan-
dard deviation of the random variability of indivi-
dual readings of the goniometer s(a,) is found by
the formula:

u(a,) = (5.1

N

(5.2)

u(@,) =

| _
s(a,) = \/—Z(acq -a,)%; (6)
n—-13
uB(AE) is the standard uncertainty of type B due to
the resolution d of the goniometer reading:

< d
A)=——: 7
u( c) 2\/5 ()

u(a,) is the standard uncertainty of the reproduction
of an angle by the reference prism, which is expres-
sed in terms of the expanded instrumental uncertainty
U, of the prism at the calibration point assuming
a Gaussian PDF (coverage factor k=2 for the
confidence level p=0.9545) according to the for-
mula:

N U, .
u(a,) = ®)

s

uB(AS) is the standard uncertainty of type B of the
correction for the error in the basing of the reference
measure:

0,

) 9
NE ®

where 0, are the limits of the error in the basing
of the reference measure.

u(A,) =

3. Calculation of the expanded uncertainty

According to [4, 5], the expanded uncertainty
can be calculated in two ways: by the kurtosis method
and using the law of the propagation of the expan-
ded uncertainty.

The kurtosis method [4, 5] involves calcula-
ting the expanded uncertainty according to the for-
mula:

U(A) = k(mu(A), (10)
where k(n) is the coverage factor, which depends on
the kurtosis n of the measurand PDF.

For the confidence level of 0.9545 [4, 5]:

0.12:m* +0.1:n+2.0, for n<0;

k(n) = [341 (11)
Lo.9sas;6/my+4 ” m, for n >0,

where 7, gs45.6/m+4 1S the Student’s coefficient for the
probability of 0.9545 and the number of degrees
of freedom v=(6/n)+4.

The kurtosis of the measurand is calculated by
the formula:

n:n(%)-u“(ac)+n(A[)'MZ(&B(ZT)](OLS)MZ(&S)+n(As)~UZ(&), 1)
u

in which the kurtosis of the input quantities are
taken in accordance with their distribution laws and
. _ 6
are equal, respectively, n((xc)=—5; n,)=-1.2;
n—
n,=0; n(A,)=-1.2, and the standard uncertainty of
the measurand is calculated by the formula:

u(B) = @)+ A )+l @)+ A,). (13)

The uncertainty budget for this case is given in
Table 1.
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The measurement uncertainty budget for the goniometer calibration when implementing the kurtosis metgglcglle :
X, X, u(x;) n c u,(y)
o, NG u(@,), (5.2, 6) n@,) 1 u(@,)
A, 0 u(A), (7) n(A,) 1 u(A,)
o, Q, u(a,), (8) n(o,) -1 —u(oL,)
A, 0 u(A,), 9) na,) -1 —u(A,)
Y y u(y) n k(m) U(4)
A (2) (13) (12) (11) (10)

The law of the propagation of the expanded un-
certainty [4, 5] involves a separate calculation of the
expanded uncertainty for non-random U, and random
U, input quantities, followed by their combination
according to the formula:

U=,U,;+Uj;.

The expanded uncertainty U, is calculated by the
kurtosis method according to the formula:

(14)

U, =kM,)u, (A); (15)

where the coverage factor k(n,) is calculated by formu-
la (11) for n<0 , and the kurtosis m, is calculated as

_n@A) ' @)+ (et (@) +n@d)-u'A,)
N = PR
uy(A)
where uB(A) is type B standard uncertainty of the
measurand:

uy(A) = > (A) +*(6,) +u*(A,).

The uncertainty budget for type B components is
given in Table 2.

» (16)

(17)

The expanded uncertainty U, is calculated by the
formula

s(a,)
0.9545;(n—1) \/; >

where s(a.,) is calculated by formula (6), and 7, 55,1
is the Student’s coefficient for the probability of 0.9545
and the number of degrees of freedom n—1.

After calculating the combined expanded uncer-
tainty U according to formula (14), the combined
standard uncertainty of the measurand u(A) is
determined according to formula (4), followed by
the calculation of the coverage factor according to the
formula:

U, =t (18)

k=—2_.
u(A)

(19)

4. Example
Calibrating a digital static goniometer CI-11]
using a 24-sided reference prism. The nominal value
of the measure is 30°. The actual value 30° 00" 01.15"
is determined with the expanded uncertainty of 0.3".
The results of 10 measurements of this angle using
a goniometer are shown in Table 3.

Table 2
The measurement uncertainty budget for type B components

X, X; u(x;) n ¢ u,(y)
o, a., (3 — - - .
A, 0 u(d,), () n(A,) ! u(a,)

o, G, u(@,), (8) n(o,) -1 —u(o,)
A, 0 u(A,). 9) n(A,) -1 —u(A,)

Y Yy u(y) n k(M) Uy(4)

A () (17) (16) (11) (15)
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Table 3
The results of measuring the reference measure with a goniometer
29°59'55.8" 29°59' 54.8" 29° 59' 55.8" 29° 59' 54.9" 29° 59' 55.3"
29°59' 54.6" 29°59'54.8" 29° 59' 54.8" 29° 59' 55.3" 29° 59' 55.3"
Table 4
The measurement uncertainty budget for the goniometer calibration using the kurtosis method
X, X, u(x,) n, 2 u,(¥)
. 29°59' 55.14" 0.153" 1.2 1 0.153"
c 0 0.0289" -1.2 1 0.0289"
o 30°00'01.15" 0.15" 0 1 —0.15"
A, 0 0.0577" -1.2 -1 —0.0577"
Y y u(y) N k(m) U(a)
A -6.01" 0.2239" 0.258 2.019 0.452"
Table 5
The measurement uncertainty budget for type B components
X, X, u(x,) n c, u,(y)
(08 29°59' 55.14" - - - -
A, 0 0.0289" 0 1 0.0289"
o 30°00'01.15" 0.15" —-1.2 -1 -0.15"
A, 0 0.0577" -1.2 -1 -0.0577"
Y y u(y) n k(M) Uy(A)
A —6.01" 0.1633" —-0.0199 1.998 0.3263"

The arithmetic mean value of the measurement
results is o, =29° 59' 55.14", the standard deviation of
individual measurements is s(a,) =0.4274".

The goniometer resolution, d, is 0.1". The
boundary of the error in the basing of the prism is
0s=0.1".

The measurement uncertainty budget using the
kurtosis method is given in Table 4.

The measurement uncertainty budget for type B
components using the law of the propagation of the
expanded uncertainty is given in Table 5.

The expanded uncertainty U, calculated by for-
mula (18) is equal to:

0.4274"
J10

The combined expanded uncertainty U calculated
by formula (14) will be equal to:

U,=2.3198 =0.3135".

U =4/(0.3263" +(0.3135") =0.4525".

The combined standard uncertainty u(A) of the
measurand determined by formula (4) will be equal to:

A \/(0.153")2 + (0.0289)2 +
u(A)=

=0.2239",
+(0.15")* +(0.0577")

and the coverage factor determined by formula (19)
will be equal to:
o 0.4525 2!
0.2239"

The measurement uncertainty evaluation for this
example based on the NIST Uncertainty Machine web
software application [7] resulted as follows:

« numerical value: -6.01";

standard uncertainty: 0.224";
¢ 99% coverage interval: (-6.603", -5.417");
95% coverage interval: (-6.45", -5.57");

* 90% coverage interval: (-6.376", -5.644").

For the given coverage intervals the method of
the least squares in the range of confidence levels
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[0.9; 0.99], an interpolating formula for the expanded
uncertainty was obtained:

U(p)=26.056-p*> —46.723- p+21.312,
whence for p=0.9545 the value Ujgs4s=0.4537"
was obtained, for which the coverage factor was
k=0.4537"/0.224"=2.03.

Thus, when evaluating measurement uncertainty
with both of the proposed methods, there is almost
perfect agreement with the results obtained by the
Monte Carlo method.

It should be noted that when the expan-
ded uncertainty evaluation according to the GUM
method [2], the standard uncertainty u(c,) calculated
by formula (5.1) will be equal to 0.135", therefore
the standard uncertainty of the measurand u(A)
is 0.212", and the expanded uncertainty for the
confidence level of 0.9545 and the coverage factor
of 2 will be equal to 0.424", which is 7% less
than the expanded uncertainty calculated using
the MCM.

YpaxyBaHHA PO3NOJLIIB BXIJJHUX BEJIUYMH Y NpoUeEaypi
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AHoTauis

Po3rnsgHyTo po30iXHOCTI B OLIiHKaX HEBU3HAYEHOCTI BUMiploBaHb Yy HacTaHoBI 3 mnomaHHSI HEBM3HAYEHOCTI

BuMiptoBaHb Ta ii Jomatky 1. IlokazaHo, 110 MOXJIMBUMU HUISIXaMM MOJOJIAHHS 1IMX CYNEPEYHOCTEN € 3aCTOCYyBaHHS
METOJY €KCLIECiB Ta 3aKOHY IOLIMPEHHSI pO3IIMpeHol HeBM3HadyeHocTi. Ha nmpukiami kKaaiOpyBaHHS TOHioMeTpa MoKa3aHo
0COOJIMBOCTI ypaxyBaHHSI 3aKOHIB PO3IMOALTY BXiIHUX BEJIMYMH Y MPOLEAYPi OL[iHIOBAHHS HEBM3HAUEHOCTI BUMipIOBaHb.
HageneHo Moneb mpsiMOro BUMipIOBaHHsI 3HAYEHHS €TaJJOHHOI MipM KyTa 3a JOMOMOTOI FOHiOMeTpa, OMUCaHO MPOLIeaypPH
OLIIHIOBaHHSI HEBM3HAYEHOCTI BUMipIOBaHb, HABOMSATLCS OIOMXKETH HEBU3HAUYEHOCTI JUIsI KOXHOro 3 MeTodiB. OrnucaHo
MpUKIaL OL[iHIOBaHHSI HEBM3HAUYEHOCTI BUMipIOBaHb MPU KajiOpyBaHHI LMMPOBOro roHioMerpa 3a J0MOMOTrol0 24-rpaHHoil
eTaioHHO1 mpu3mMu. OIiHEHO PO3IIMpPEeHY HEBU3HAUYEHICTh BUMIPIOBAHHS JJISI LIBOTO TIPUKIIAMY HAa OCHOBI Be03aCTOCYHKY
NIST Uncertainty Machine. HaBeneHO TEXHOJIOTiIO 3aCTOCYBaHHs 1LIbOI'O 3aCTOCYHKY [JISI BiICYTHBOTO B HbOMY DPiBHS
nosipu 0,9545. IMopiBHAHHS pe3y/nbTaTiB OILiHIOBAHHSI HEBU3HAYEHOCTI BUMipIOBaHb, OTPUMAaHUX 000Ma 3alIpPOMTOHOBAHUMU
MeTOoJlaMM, 3 pe3yjbTaTaMM, OTPUMAHUMU 3a J0IMoMororo metony MoHTte-Kapiio, mokaszano mpakTUYHO iXHiii TTOBHUI 30ir.
[Ipu upOMy po3lIMpeHa HEBU3HAYEHICTh, OTpuMaHa 3a Metomukolo GUM, BusiBuiacs Ha 7% MEHIIOIO Bil pO3LIMPEHOL
HEBU3HAYEHOCTi, pO3paxoBaHoi 3a nornomMoror metony MonTte-Kapio.

KiouoBi cioBa: roHiomeTp; KaniOpyBaHHSI; HEBU3HAUYEHICTh BUMipIOBaHb, OIOMKET HEBU3HAUYEHOCTI; METOJ €KCIIECiB;
3aKOH IOILIMPEHHSI pO3IIMpPeHOoi HeBU3HAaYeHOCTi; MeTon MonTte-Kapio.
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