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Abstract

The Earth’s atmosphere has a significant impact on the results of laser range measurements on near-earth traces.
This influence is caused by the dependence of the laser signal propagation speed on the refractive index of the air, which
varies along the measured trace. Correct accounting of this influence is important for the implementation of metrological
traceability of linear measurements from a length measurement standard to distance measurements in large-scale construction,
geodesy, geodynamics, navigation, etc. To ensure the required accuracy of such measurements, their results shall be corrected
by introducing a correction for the mean refractive index of air along the signal trajectory.

The simplest and most commonly used method for determining this correction is based on the representation of the
integral of the refractive index by the quadrature trapezoidal formula in its simplest form, which requires the determination of
only two local values of the refractive index at the endpoints of the trace. The accuracy of this method is often insufficient.
In this regard, this paper presents the results of the research that will further substantiate a more accurate model for
determining the correction under discussion based on two local refractive index values. The proposed model is based on
the use of Gaussian quadrature, for which local values are determined not at the end points of the trace, but within the

integration interval.
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Introduction
The main source of uncertainty in range mea-
surements using electromagnetic waves of the optical
range is the inaccuracy of determining the mean integ-
ral refractive index of air along the measured trace.
According to [1], for laser range measurements on
near-earth traces of length L

ﬁ:%"-:n(x)dx, (1)

where x is the coordinate along the trace. In practice,
the method of determining the value from the local
values of the refractive index at the endpoints of
the trace n, =n(0),n, =n(L) is actively used. The
measurement model for this method is based on the
representation of the integral (1) using the quadrature
trapezoidal formula in the form [2, 3]
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where R, = is the residual term of the

(o)
2
trapezoidal quadrature, & is a point on the mea-

sured trace (on the integration interval).

The accuracy of this model is low. The accuracy
may be improved if the refractive index gradients
are additionally measured at the endpoints [1, 4],
i.e., using the Euler-Maclaurin quadrature instead
of the trapezoidal quadrature. This complicates the
experiment, since to determine the gradients, the
refractive index at additional points equidistant from
the endpoints shall be measured. At the same time, for
a more accurate determination of the mean refractive
index, there is a quadrature according to which
two points x,, x, within the integration interval can
be used instead of the two endpoints x=0, x= L.
This is known in computational mathematics as the
Gaussian quadrature [5, 6, 7], the prospects of which
are discussed below.

22 Ukrainian Metrological Journal, 2023, No 4, 22-25



0. Prokopov, A. Shloma

Presentation of the main material
The Gaussian quadrature for the integral (1) in
the case of two points takes the form [8]

_ n()c1 )+n(x2)
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where the local values of the refractive index are
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the Gaussian quadrature, & is a point on the integra-
tion interval.

L .
—— | are trace points
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determined; R = is the residual term of

gauss

It should be noted that the components of Type A
uncertainty should be of the same order for the
trapezoidal and Gaussian quadratures, since the source
for these quadratures is the inaccuracy of the refractive
index measurement at two points of the trace. As for
the component of type B uncertainty, based on the
ratios of the residual terms of these quadratures, we
can conclude that it should be larger in the trapezoidal
quadrature.

To illustrate the high accuracy of the Gaussian
quadrature, a numerical experiment was performed
using a model refractive index profile. The experiment
was performed by calculations using formulas (1), (2),
and (3) (formulas (2) and (3) without the residual
terms) for the profile:

n(x)=1.77172851-10 - x* —4.59826837-10 > - x” +2.57368059-10 - x* +2.76189583-107" - x° —

—4.01085986-107" - x* +1.81250272-107 - x> =3.2407318-10™"" - x* +1.30717809-10° - x +1.00028179, 4)
as shown in Fig. 1.
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Fig. 1. Air refractive index profile along the trace

The experiment was performed using formulas (1),
(2), and (3) for the variant of the location of the air
refractive index control devices at two local points of
the trace:

x = 0, x = L for the trapezoidal quadrature;

x—é——L x—£+—L
2 237 2 23

\/—J for the Gaussian
quadrature.

The effectiveness of the formulas is determined by
comparing the values of the mean integral refractive

index of air obtained using formulas (2) and (3) on
a trace of length L = 1000 m (using the profile n(x)
according to formula (4)) with the exact value of the
7 value calculated according to formula (1).

The results of a numerical experiment for the
determination of the mean integral refractive index
of air by quadratures (2) and (3) for two local points
of the trace, and the exact integral (1) are given in
Table 1.

It follows from the Table that the accuracy

of n is much better than n,. To increase the

gauss

Table 1

Results of a numerical experiment for the determination of the mean refractive index of air

n, 1.0002821550000000006
M s 1.0002822781806842066
n 1.0002822860912471354
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reliability of the evaluation of the corresponding
type B uncertainty, it is relevant to use experimental
data on the profile n(x) (or close to them) on the
measured trace as part of a numerical experiment.

Conclusions

The possibility of improving the accuracy of the
known method of determining the refractive index of
air by its two local values at the endpoints of the trace

quadrature formula) is considered. The procedure for
determining the mean integral refractive index from
its two local values using the Gaussian quadrature
is substantiated. This quadrature has a residual term
of a higher order of smallness than the trapezoidal
quadrature. Based on the results of the analysis and
numerical experiment using a model refractive index
profile for the measured trace, it was concluded that
the Gaussian quadrature provides higher accuracy than

(the method being based on the use of the trapezoidal the trapezoidal quadrature.
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AHoTanis

CyTTeBUIl BIUTUB Ha DPE3yJbTaTH Ja3epHUX NATEKOMIpHUX BUMIipIOBaHb Ha HAaBKOJO3€MHUX Tpacax Haga€ 3eMHa
arMoc(epa. Lleii BIiMB 0OYMOBJIEHO 3aJ€XKHICTIO IIBUIKOCTI MOIIMPEHHS JIa3€PHOr0 CUTHATY Bill MMOKa3HUKA 3aJIOMJIEHHS
MOBITPS, 110 3MiHIOETLCS B3A0BX BUMiploBaHoi Tpacu. [IpaBuiibHe BpaXyBaHHS 3a3HAY€HOTO BILUIMBY MA€ BaXKJIMBe 3HAUCHHS
IUISL peaitizalii METPOJIOTiYHOI MPOCTEXKYBAHOCTI JIiHIMHMUX BUMIPIOBaHb Bill €TajJOHA JOBXWHU 1O BUMIpPIOBAHb BiACTaHEN
y BeJIMKOMacIITaOHOMY OyIiBHMUTBI, reoaesii, reonrHamili, HaBirawii Tomo. st 3a0e3neyeHHs] HeOOXiIHOI TOYHOCTI TaK1X
BUMIPIOBaHb iXHi pe3yJabTaTH MOTPEOYETHCS KOPUTYBATH IUISIXOM BBEIEHHS TOMPABKU HA CEPETHBOIHTETPAIIBHUI MTOKa3HUK
3aJIOMJICHHSI MOBITPSI Y3I0BX TPAEKTOPii CUTHAIY.

HwuHi akTMBHO pO3BUBAIOTHCS N1BA MIIXOAM 0 BU3HAUYEHHS BETUYMHU CEPETHBOIHTETPATLHOTO TTOKA3HUKA 3aJIOMJIEHHSI.
Tlo-miepie, minxim, IO TPYHTYETbCS Ha TIPSIMUX BUMIPIOBAaHHSX, 3a TOIOMOTOIO SIKUX III BEJIMYMHA BHU3HAYAETHCS
6esrocepenHbo (amapatypHi meronu). [lo-mpyre, 3acHOBaHMII Ha HEMIPSIMUX BUMipIOBAaHHSX TTIXil, Y paMKax SKOTO iHTerpas
BiJl MOKa3HUKA 3JIOMJIEHHS 32 I0MTOMOTOI0 BiTOMUX B OOUYMCITIOBAIbHIN MaTeMaTulli KBaapaTypHUX (POPMYJ MepeTBOPIOETHCS
Ha (YHKIIIO JOKaJbHMX 3HAYeHb TapaMmeTpiB aTMochepyd B TUCKPETHUX TOYKAX Tpacu (1l TaK 3BaHi METOAM TOYKOBOI
anpokcumallii).

Hajinpocriimii Ta 4acTo 3aCTOCOBYBaHMI Ha MPAKTULII METOJ BM3HAYEHHS 1€l MOMpPaBKX CIIMPAETHCS HA BUKOPUCTAHHS
KBaJpaTypHoi (OpMyJIM Tpamneliil y HalmpocTilioMy ii BapiaHTi, 10 BUMArae BU3HAYEHHS JIUIIIE BOX JOKaJbHUX 3HAUYE€Hb
TMOKa3HUKa 3aJIOMJIEHHSI B KiHIIEBUX TOYKax Tpacu. TOYHICTb 3a3HAUEHOTO0 METOAY YacTO BUSIBISIETbCS HEIOCTAaTHBHOIO.
Y 3B’I3Ky 3 UMM Y 1Liif CTaTTi MpeacTaBleHO Pe3yJbTaTu IOCHIIXKEeHb, 110 Jajdyd 3MOTYy OOIPpYHTYBAaTHM TOYHIILYy MOJIENb
BU3HAUEHHSI OOrOBOPIOBAHOI MOMPAaBKM 3a ABOMA JOKAJIbHMMM 3HAUEHHSMHU MOKa3HMKA 3aJOMJIEHHS. 3alpoIrioHOBaHa
Mofenh 0a3yeThcsl HA BUKOPUCTaHHI KBampatypu [ayca, mist sikoi JIOKambHi 3HaYeHHsT BU3HAYAIOTHCSI HE B KiHIIEBUX TOUKAX
Tpacu, a BCepeIuHi iHTepBaly iHTErpyBaHHSI.

KimrowoBi ciioBa: KBampaTypa; TTOKa3HUK 3aJJOMJICHHs TTOBITPST; MaJeKOMipHI BUMipIOBaHHsI; TPacH; JOKaJIbHI TOYKU.
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