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Abstract

The results of the analysis of the accuracy capabilities of the gradient method for determining the mean integral value
of the group refractive index of air along the path of the laser radiation propagating on the surface atmospheric layer are
presented. The mean integral refractive index of air is used in precision laser ranging as a correction to the results of large-
scale dimensional measurements, taking into account the difference between the speed of the laser radiation propagation
in the atmosphere and the speed of light in vacuum. The performed analysis includes a critical review of publications
underpinning this method, and the prospects for its use in high-precision laser measurements of horizontal baselines of up
to 5 km long with an expanded uncertainty of less than or equal to 1 mm are considered. This method has been studied
in the framework of the Project 18 SIB0O1 GeoMetre “Large-Scale Dimensional Measurements for Geodesy” executed

in accordance with the European Metrology Programme for Innovation and Research (EMPIR).
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1. Introduction

Today, more and more services rely on geodetic
reference frames data, which form the backbone of
georeferencing. A lot of the Earth science measure-
ments are referenced to the International Terrestrial
Reference Frame (ITRF), which is the realization of
the International Terrestrial Reference System (ITRS).
At its 24" meeting, The General Conference on
Weights and Measures (CGPM) recommended that
the ITRS be adopted as the unique international
reference system for terrestrial reference frames for
all metrological applications [1].

Global observations of natural phenomena, such
as ice sheets decrease, sea level increase, monitoring
of deformation of large civil engineering projects and
critical infrastructure assets, require most accurate
linear measurements with uncertainties of less than
I mm. Applications in ground surveying, natural disaster
detection, and monitoring of the stability of large
structures require length references that demonstrate
a long-term stability and high accuracy.

The ITRF coordinates are the result of multiple
sources of the input data on measurements performed
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all over the world, thus the traceability chain to the
SI definition of the metre is therefore highly complex.
One of the key elements of the traceability of the
coordinate observations to the SI definition of the
metre is the ground survey and local ties.
Traceability of macroscale measurements to the
SI with a high accuracy is among the trends of the
development of dimensional measurement technolo-
gies [2]. But the accuracy of large-scale dimensional
measurements is currently limited by the accuracy of
the determination of the refractive index of air (due to
the effect on laser wavelength-based length scales and
refraction causing laser beam-bending effects).
Correct consideration of the influence of the
Earth’s inhomogeneous atmosphere on the results of
laser ranging measurements performed on near-Earth
tracks is important for providing the metrological
traceability of distance measurements to the SI
base unit, the metre, in geodesy, geodynamics, and
navigation [3]. Such consideration is necessary, in
particular, to exclude additional delay of optical
signal caused by the presence of the atmosphere and
related to the difference of velocities of the signal
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propagation in the atmosphere and in vacuum. This
delay is proportional to the mean integral refractive
index of air along the measured trace, which depends
on meteorological parameters of the atmosphere.
The paper discusses a scientific rationale of a new
gradient method studied within the GeoMetre Project
[4] to determine the feasibility of its application for
determining the mean integral refractive index of air
used as a correction in high-precision laser ranging
measurements of baselines of up to 5 km long with
an expanded uncertainty of less than 1 mm.

The main issues that are considered within this
method are formulated in publications [5—7]: a) what
models justify the possibility of using the sensors
of meteorological parameters of the atmosphere to
determine the mean integral index of the air refraction,
b) what are the requirements for the number of discrete
points of the trace on which the sensors should be
placed, c) what are the requirements for the accuracy
characteristics of the sensors.

The approach developed in [5—7] is rigorous from
a metrological point of view. This approach can be
considered an addition to the examples set out in the
Guide [8] in terms of measurement models for integral
(averaged over the spatial coordinate) quantities, for
example, temperature, refractive index of air, etc.

The methodology (procedure) that characterizes
this approach suggests two variants of determining
the mean integral refractive index of air, which are
based on the application of the quadrature and (or)
interpolation relations, allowing representing the output
value given by the integral:

ﬁ:%In(G)dG (1)

through the functions of the local values of the refractive
index n (depending on the corresponding local values
of the atmospheric meteorological parameters) on
the integration interval L and the refractive index
gradients at the end points of the trace.

Taking into account the prospects of using the
gradient method in practice, its general definition
can be formulated as follows: the gradient method
for determining the mean integral refractive index of
air is a general name for methods based on the use
of quadrature formulas containing summands which
depend on the values of the air refractive index gra-
dient at the discrete points on the integration inter-
val along the distance measured by a laser range-
finder.

In equation (1), o is a ray coordinate counted
along the signal trajectory of length L. In general,
this trajectory is curved due to the refraction effect.
However, in the case of lengths up to 5 km long, the
refractive curvature of the trajectory is negligibly small
(the trajectory virtually coincides with a straight line
passing through the end points of the trace), so the
coordinate counted along a straight line of length L

connecting the end points (c,=0, o, = L) of this
trace can be considered a ray coordinate o [6].

According to [6], the expanded uncertainty of
length measurements less than 1 mm for traces of up
to 5 km long will be provided if the value is determined
with an uncertainty not exceeding ~10~7. Further, we
will discuss possible variants to realise this require-
ment by the considered method.

2. Accuracy capabilities of the method
2.1. Theoretical analysis, modelling, and numerical
experiment

In the first variant of the procedure under
consideration, when processing measurement results
(obtaining output quantities from the measurement
data on input quantities), a measurement model
by the gradient method is based on calculating the
integral (1) using the Euler-Maclaurin quadrature [5]:

L(n"-n")

_ (mo+n,) 18
Hpy ="+ —= ) n(0;)———————+Rp,,
EM N N; ( 1) 12N2 s (2)
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where n, =n(c,); n, =n(c,); n = 0 =L
do do

are the values of the refractive index and its first
derivative at the end points of the trajectory;
B L' d'n
720N* do*
a point of the trajectory on the integration interval.
The second variant of the procedure uses the
ratio of the gradient method, for which the integ-
ral (1) is calculated using the interpolation Hermite
polynomials [5]:

EM o=, 1S a remainder term; o __ is
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where R, =—x jﬂdc is a remain-
L o (N+3)!
der term;
o, iS a point of the trajectory on the integration
interval.

Equation (2) is valid only if there is a uniform
distribution of intermediate measurement points o,
of the local values of refractive index n(c;) along
the trace, and equation (3) is valid for both uniform
and non-uniform locations of these points. In these
relations, the following designations are taken: N is
the number of breakdowns of the trace by the points
at which the local values of the refractive index are
determined (N + 1 is the number of the above points
on the trace, including the end points); L is the
length of the trace (baseline). The refractive index
derivatives along the coordinate at the end points are
determined by the refractive index gradients along
the line connecting end points. The weight coefficients
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A;, Ay, and A4, and the value Q(o) in equation (3) are
calculated by the equations given in [5].

The Siddor formula [9] is used as a relation for
the air refractive index n=n(T, P, h, ) included in
equations (1)—(3) (taking into account Pollinger’s
corrections [10]). The explicit form of this formula
is not given due to its unwieldiness. In this formula,
A is the laser radiation wavelength, and the inho-
mogeneity of the atmosphere is accounted for by
the spatial inhomogeneity of meteorological parameters
(T — temperature, P — pressure, 4 — relative humidity
of air) that vary along the beam trajectory.

The values of the gradient g of the air refrac-
tive index along the trajectory of the laser radiation
propagation at the end points are determined by the
derivatives of the refractive index functions at these
points, entering equations (2) and (3). According to
[5], they can be determined by the finite difference
method with a linear smoothing:

g = MMy (4)

do Ac
using the data on the local values of the refractive
index ny,, n_, at the points, equidistant at the distance

A .
iTG from the end points. The values n,, n_  are

determined according to the relation n=n (T, P, h, X)
through the values of temperature 7, pressure P and
relative humidity 4 at these points.

The number of intermediate points on the trace
N—1, at which the local values of the air refractive
index are determined, is chosen so that to ensure
a correct estimation of the remainder terms in
equations (2) and (3) and related components of
Type B uncertainty, arising due to the fact that the
remainder terms are not considered in practically
used measurement models.

For the first variant (equation (2)), in which the
order of the derivative in the remainder term does
not depend on N, the remainder term can be esti-
mated by Runge’s rule using measurement data on
a sufficient number of intermediate points [11]. For
the second variant (equation (3)), Runge’s rule is
inapplicable, since the order of the derivative in the
remainder term depends on N.

A universal variant for estimating the remainder
term and its associated Type B uncertainty is a nu-
merical experiment, in which the value #n,, for
example, determined by equation (3), but without
R,, is compared with the exact value determined
by equation (1). That is, to find the value of R,
it is necessary to know the exact profile n(c) on
the considered trace (or typical dependence n(c) to
estimate R, by the magnitude order). By performing
a numerical experiment with different values of N,
it is possible to find conditions, under which the
remainder term is negligibly small, i.e. conditions,
under which the Type B uncertainty component

associated with the rejection of remainder terms in
model equations (2) and (3) can be ignored.

This approach is chosen as the main one in the
considered methodology, when all the information
about the number of intermediate points N—1 and
the accuracy requirements for sensors at end and
intermediate points should be used only for those
values N, at which the type B uncertainty component
is negligibly small.

The number of intermediate points (N—1)
providing negligibly small value of Type B uncertainty
due to the difference of the quadrature (inter-
polation) relations without remainder terms from
the exact integral for 7z, in the case of baselines of
a reference geodetic polygon of the NSC “Institute
of Metrology”, in the absence of abrupt jumps in
the refractive index, according to the results of
numerical experiments (partially described in [6]),
should not be less than 1 point for reference base-
lines of up to 1 km long and not less than 3—4 points
for baselines of up to 5 km long.

For other baselines (other polygons), a reasonable
choice of the number of intermediate points also
requires a numerical experiment using the refractive
index profiles that are typical for these baselines.

By neglecting the uncertainty component caused
by discarding the remainder terms in equations (2)
and (3), formulas for the combined uncertainty of
determining the air refractive index can be derived,
which allow us to formulate the requirements for the
accuracy of sensors of meteorological parameters.
These requirements must ensure the specified accuracy
of determining the required value ﬁ(uﬁ~10’7).

These requirements are set taking into account
the following conditions: the uncertainty component
of temperature measurements at two end points and
N—1 intermediate points of the baseline, as well as
the uncertainty components of pressure and humidity
measurements only at two end points, account for
10% each (that is, 30% in total), and the component
related to the determination of the gradient accounts
for 70% of the combined uncertainty of the deter-
mination of the mean integral refractive index u,~107".

These conditions allow us to obtain the following
ratios, assuming that the air pressure and humidity
are measured only at the end points of the baseline
(the values of these parameters for intermediate points
are determined by recalculating from the data at the
end points under the assumption of linear relationship).

In the case of equation (2): ,

5 _
u; S0.1><10"42L(@j ,
2N -1\oT
-2
w2 <0.1x10™ x 2[6—’1] (5)
r oP 2’
u; <0.1x107" Xz(ﬁ_nj ,
Oh

u; <0.7x107* x72N*L?,
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Table 1
The results for a baseline of 1 km long at N = 1
For (5). Euler-Maclaurin quadrature For (6). Hermite polynomials
14.252 Pa<u, <16.476 Pa 14.252 Pa<u, <16.476 Pa
0.0417 <u, <0.690 0.0417 <u, <0.690
0.0361 °C <u, <0.0474 °C 0.0361 °C <u, <0.0474 °C
Table 2

The results for a 5 km baseline at N =4

For (5). Euler-Maclaurin quadrature

For (6). Hermite polynomials

14.252 Pa <u, <16.476 Pa

14.252Pa<u, <16.476 Pa

0.0417 <u, <0.690

0.0417 <u, <0.690

0.0546°C <u, <0.0717°C

0.0538°C <u, <0.0706°C

on On On

where 5 5 %

are partial derivatives of the air
refractive index by temperature, pressure, and relative
humidity respectively calculated using the Siddor
formula [9]; u,,u,,u, are the uncertainties of the
measurement results of temperature, pressure and
relative humidity at the points of the determination
of local values of the refractive index; u, is the
uncertainty of measurements of the air refractive
index gradient.
In the case of equation (3):

above range of meteorological conditions. Table 1 gives
the results for a baseline of 1 km long at N = 1, and
Table 2 gives the results for a baseline of 5 km long
at N =4,

Quantitative results for the developed method
were also obtained for other values of N. For N=2,
at L=1km and the above meteorological conditions
in the case of measurement model (2), for example,
the data on u,, u, coincide with those given in
Table 1. The requirements for u, as it was to be
expected, become less strict: 0.042°C <u, <0.055°C.

2 (N-1 -!
uy <0.1x10° ‘T( j [ A,2+ZA,.20] ,
i=0,N

uy <0.1x10° 14L2[ J <(Nzl

o, & o,

-—— |+ + A =L+
(SRR
N-1 G. N-1

uh<01><1014L2( j A,[l—f’j+/100 ( A4,
i=1 i=1

i=1

j > (6)

t~ |~Q
;/N
\/‘

W <0.7x107 (42 + 47)"

Calculations using equations (5) and (6), which
set the upper limits for the uncertainty of measure-
ments of the corresponding quantities, were perfor-
med in [7] for normal atmospheric pressure in the
range of relative humidity 0.3</2<0.8 and tempera-
tures 15 °C< T <+25°C with a uniform distribution
of intermediate measurement points along the trace.
As an example, Table 1 and 2 show the calculated
ranges of the variation of these upper limits in the

The requirements for the accuracy of measurements
of meteorological parameters (5) and (6), used in the
developed method, were taken into account when
equipping the corresponding meteorological sensors
of a baseline of 1 km long of a reference geodetic
polygon shown in Fig. 1.

The wused sensors also allow satisfying the
requirements given in equations (6) and (7) for the
accuracy of measuring the refractive index gradient.
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Fig. 1. General view of a baseline of 1 km long of a reference geodetic polygon of the NSC “Institute of Metrology”

To meet these requirements, which set the upper
limit of the uncertainty value u, of determining the
refractive index gradient at the end points of the
trace, the following conditions shall be met: firstly,
the value of g must be determined by the finite
difference method with a linear smoothing according
to equation (4); secondly, the local values of the
refractive index n,, n_, in equation (4) should be
determined using meteorological sensors with accu-
racy characteristics u,,u,,u, satisfying conditions (5)
and (6). Under these conditions, the requirements
for u, can be met. According to the estimates made
for case (5), for example, it is realized at N>2 for
L=1km and at N>4 for L=5km.

Thus, the method of determining the gradient
from data on additional refractive index measure-
ments at two spaced points (equidistant from the end

1 (on 1 (on) ¥
u§= (aT] (ufT0+ufTL)+ (8TJ Uy

for a measurement model described by equation (2), and

2 e 2,2
uﬁ ( J|:ZAxucT

HEI(Eal-5)a ] B

for a measurement model corresponding to equation (3).

Equations (7) and (8) use the previously introduced
designations (for equations (5), (6)) supplemented with
the indices corresponding to the specific points 0, i,
and L, at which the measurements are performed:

) _ —
<Tyir uTn L + Z/lm.vtr T (T('),i,L )’
2 _ —

chyp uP + Z’lmstr P (T;),L )’
2 _ —

ucho uho L + ulnstr h (T;),L )

u

u

points) provides the required accuracy. For a mea-
surement model described by equation (2), in par-
ticular, such accuracy is achieved provided that for
a trace of L=1km, the local values of the refractive
index are determined at two end points and at least
one intermediate point, and for a trace of L=5km
the values shall be determined at two end points and
at least at three intermediate points. These conditions
correspond to the requirements of the analysed proce-
dure given earlier in this section of the paper, which
allows not to take into account remainder terms in mea-
surement models described by equations (2) and (3).

Under experimental conditions (practical use of
the discussed method on reference baselines), the
combined standard uncertainty of the determination
in accordance with the above described procedures
is calculated using the following ratios:

1(onY ) ) 1(onY ) ) I
+Z(6_Pj (ud,o+ucPL)+Z 7 (uchﬂ+uchL) T (u +u ) (7)
2 2 2 2 ) o ' 2 &, 9 2 9
+A00ucT0 +AN0ucTL:| Lz[an |:IZ:,A;( Llj"'Aoo} Uep ‘{j_l A/Tj‘i'ANo] ”cPL>+
(8)

Here u Up, , and U, are the combined
standard uncertainties of the determination of meteo-
rological parameters at points 0, i, and L, which are
expressed through the Type B uncertainty components
when calibrating the corresponding meteorological
SeNsors U, 7> Uy ps and u,..,, and the uncertainty
components u -, u, , and #, obtained with the
sensors from experimental data at points 0, i, and L

Ty
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when practically implementing the discussed method
on a reference basis

k _ 2
>(1,-T,,.) 2T
2 Jj=1 — J=1
fou k(k-1) 7 % k7
m _ 2 m
>(P-R.) )Ny
2 _ J= }_) _ /=
R m(m—l) > 0,L m 5
n — 2 n
(hj —hO,L) >
2 _ Jj=l L = J=
o n(n—l) »ook n

The relations for u,,#, in equations (7) and
(8) in case of using model equation (4), by means of
which the endpoint gradients are determined, can be
represented as

u’ —;<(@)2[u2 +u? }+2(a—n)2u2 +2[@J2u2
0 (Ac) \or LN - op) " \on) M)

u, :;<(@)2 [uQ +u’ }_2[6_11]2 u’ +2(@]Z W
8L (AG)Z oT Iy el oP P, oh oy, [°

where the + and — are the signs corresponding to the

. . . Ac Ac )
points shifted by distances +7 and Y from points

0 and L, at which the gradient values are determined.

2.2. Discussion of prospects for further research

The formulas (7), (8) given in the previous
section of the paper are valid for the conditions under
which the influence of atmospheric turbulence can
be neglected. Such conditions are usually considered
when analysing the accuracy of methods for taking
into account the influence of the Earth atmosphere on
the results of distance measurements performed using
electromagnetic waves [12]. For taking into account

the atmospheric turbulence, it is necessary to conduct
a corresponding additional study.

Conclusion

The accuracy capabilities of the gradient method
for determining the mean integral group refractive index
of air along the path of the laser radiation propagation
in precision laser ranging are analysed. The method was
developed at the NSC “Institute of Metrology” for use in
measurements of near-Earth reference bases up to Skm
long with an expanded measurement uncertainty of about
1 mm. The results of theoretical analysis, modelling and
numerical estimations (made for the conditions under
which the effect of atmospheric turbulence is negligible)
have confirmed high accuracy characteristics of the method
and allow recommending it for practical use under the
conditions for measurements on baselines equipped with
instrumentation for the determination of meteorological
parameters of the troposphere at the discrete points of
the signal trajectory of the rangefinder (total station) on
the baseline under consideration. The actual direction
of further research is the improvement of this method
for ensuring the possibility of its use under conditions
when it is necessary to take into account the influence
of the atmospheric turbulence on the uncertainty of
determination of the mean integral refractive index of air.
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IIpo TOYHICTH IPaZlEHTHOrO METOAY BH3HAYEHHS
CepeIHbOro iHTErpajbHOr0 MOKA3HUKA 3aJ10MJICHHS
NOBITPS 11 BEJIMKOMACHITAOHMX PO3MipHMX BHUMipPIOBAHDb

IN.I. Heexwmakos|, O.B. Mpokonos, T.A. MaHaceHko, B.B. Cknspos, A.l. Lnoma
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Anoraujis

HaBepneHo pesysibraTi aHajizy TOYHOCTI IpaliEHTHOIO METOAY BU3HAYEHHS CepeAHbOIHTErpaJbHOrO 3HAYEHHS IPYIIOBOIO
IMOKA3HMWKa 3aJIOMJICHHSI TIOBITPS Ha LUISIXY TOIIMPEHHS JIa3¢pHOTO BUITPOMIHIOBAHHSI B IPU3EMHOMY Iapi aTMochepu.
CepenHboiHTerpajbHe 3HaYeHHSsT MOKa3HUKa 3aJJOMJICHHS MOBITPSI BUKOPUCTOBYETHCS B MPELM3iiiHIM J1a3epHiil gajeKoMeTpii
SIK TIOTIpaBKa 710 pe3yJibTaTiB BEJMKOMACIITAOHUX PO3MipHUX BUMipIOBaHb, 1110 BPaXOBYE Pi3HUIIIO MiXK IIBUIKICTIO MOIIMPEHHS
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JIa3epHOTO BUIIPOMIiHIOBAHHS B aTMocdepi Ta MIBUAKICTIO CBiT/Ia Yy BakyyMi. [IpoBeneHMit aHalli3 BKIIOYa€ KPUTUIHUIA OTJISI
MmyOJTiKaliid, 1110 JiexXaTh B OCHOBI LIbOTO METOJY, i PO3IJISi MEepCIeKTUB BUKOPUCTAHHSI OCTAHHBOTO Y BUCOKOTOYHUX JIAa3€PHUX
BUMIPIOBAaHHSIX TOPU3OHTAILHUX 0a30BUX JIiHIM JOBXMHOIO 10 5 KM i3 PO3LIMPEHOI0 HEBU3HAUEHICTIO, 110 HE MEePEeBUILYE
1 mm. Leit meton Oyno mochiimxkeHo B pamkax npoekty 18 SIBO1 GeoMetre “BennkomaciitabHi BUMiplOBaHHS pO3MipiB
IIJIs1 Teofie3ii”, BUKOHAHOTO BiAIMOBIAHO 10 €BpoMeiichbKoi METPOJIOTiYHOI mporpaMu 3 iHHoBallilt Ta nocaimkeHb (EMPIR).
Meton po3podsieHo B HHILL “Incturyr metpoJiorii” misi BUKOPUCTAHHS Mil 4ac BUMiplOBaHb HaBKOJIO3EMHUX €TaJIOHHUX
0a3uCiB JIOBXKMHOIO JI0 5 KM 3 pO3IIMPEHOI0 HEBU3HAYEHICTIO BUMIPIOBaHb OJM3bKO 1 MM. Pe3yibratu TeOpeTUUHOro aHai3y,
MOJICJTIOBAHHS Ta YMCEJIbHUX OLIHOK (MPOBEACHUX ISl YMOB, 32 SKUX BIUIUB aTMOC(hEpHOi TypOyJEeHTHOCTI € HECYTTEBUM)
MiATBEPAMJIA BUCOKI TOYHOCTI XapaKTepUCTUKU METOMY i JO3BOJISIIOTh PEKOMEHIYBAaTH MOT0o JJIsl MPaKTUYHOTO BUKOPUCTAHHS
B 3a3HAYCHUX YMOBaX JJIsI BUMipIOBaHb Ha 0a3ucax, 00IagHaHMX arapaTypolo UISl BUBHAUECHHSI METEOPOJIOTIUHUX ITapaMeTpiB
Tporocepu B JIUCKPETHUX TOYKAX TPAEKTOPil CUTHAJy majieKkomipa (TaxeomeTpa). AKTyaJlbHUM HarlpsIMOM MOIaJbIIUX
TIOCITIKeHb € BIOCKOHAJICHHSI IIbOTO METOMAY 3 METOI0 3a0e3INeYeHHsS MOKJIMBOCTI HOTro BMKOPMCTAHHSI B YMOBaxX, KOJIK
HeoOXiJlHe BpaxyBaHHSI BIUIMBY aTMOC(epHOi TypOYJIEHTHOCTI Ha HEBU3HAUYEHICTh BU3HAYEHHSI CEPelHbOIHTErpajbHOro

IOKa3HuKa 3aJIOMJICHHS HOBiTpH.

KiouoBi ciioBa: 1MokKa3sHUK 3aJIOMJIEHHS; BEJIMKOMACIITAOHi po3MipHi BUMipIOBaHHS, IPaJli€HTHUIA METO/.
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