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1. Introduction
According to the Law of Ukraine “On Metrology 

and Metrological Activity” [1], “Uniformity of mea-
surements is a state of measurements for which 
their results are expressed in measurement units 
determined in this Law, and the characteristics of 
the error or measurement uncertainty are known with  
a known probability and do not exceed the estab- 
lished limits”.

As it is known, measurement uncertainty is  
a quantitative measure of measurement accuracy. The 
measurement accuracy evaluation is not only one of  
the tasks of ensuring the uniformity of measurements, 
but also a necessity for building the customer confi-
dence in the quality of metrological works.

One of the essential criteria that characterize 
calibration and measurement capabilities (CMCs) of 
a laboratory accredited by the National Accreditation 
Agencies of Ukraine – according to the criteria 
of DSTU EN ISO/IEC 17025:2019 “General 

Requirements for the Competence of Testing 
and Calibration Laboratories” [2] – is the lowest 
measurement uncertainty that the laboratory achieves 
when calibrating measuring equipment.

As it is stated in ILAC-P14:09/2020 “ILAC Poli-
cy for Measurement Uncertainty in Calibration” [3]:  
“A CMC is a calibration and measurement capabili-
ty available to customers under normal conditions:  
as described in the laboratory’s scope of accreditation 
granted by a signatory to the ILAC Arrangement or b) 
as published in the BIPM key comparison database 
(KCDB) of the CIPM MRA”.

The measurement uncertainty covered by CMCs 
shall be expressed as the expanded measurement 
uncertainty having a coverage probability of approxi-
mately 95%. 

According to [3], there shall be no ambiguity in 
the expression of CMCs in the scopes of accredita-
tion of the calibration laboratory and, consequently, 
no ambiguity regarding the lowest measurement 
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uncertainty that the laboratory anticipates to achieve 
during calibration.

In accordance with [3]: “There shall be no ambiguity 
in the expression of CMCs in the scopes of accredita-
tion and, consequently, no ambiguity regarding the 
lowest measurement uncertainty that may be anticipated 
to be achieved by a laboratory during a calibration or  
a measurement”. CMCs shall be always declared 
numerically and not exclusively by reference to a stan-
dard or other document that describes the performed 
measurements [4]. The unit of the measurement uncer-
tainty shall be always the same as that of the measurand 
or expressed in terms relative to the measurand, 
e.g., percent, µV/V, or part per 10 6. Because of the 
ambiguity of their definitions, the use of terms “PPM” 
and “PPB” are not acceptable [3].

Calibration laboratories in their “Scopes of 
Accreditation” declare the lowest measurement un-
certainties so that their potential clients could assess 
the possibility and quality of calibration works.

Currently, there are 37 accredited calibration la-
boratories in Ukraine, each of which has declared its 
calibration and measurement capabilities in a tabular  
form by the range of the calibrated measuring equip- 
ment in the “Scope of Accreditation”.

The declared measurement uncertainty during ca-
libration does not characterize metrological characteris-
tics of the measuring instrument (hereinafter referred 
to as MI) being calibrated, but the requirement for the 
quality of its calibration.

One or more of the following methods shall be 
used to express the measurement uncertainty [3]:

a) a single value, which is valid over the entire 
measurement range;

b) a measurement range – in this case, a calibra-
tion laboratory shall ensure that the linear interpolation 
is appropriate to find the measurement uncertainty at 
intermediate values;

c) an explicit function of the measurand and/or  
a parameter;

d) a matrix, where the values of the measurement 
uncertainty depend on the values of the measurand and 
additional parameters;

e) a graphical form, providing there is a sufficient 
resolution on each axis to obtain at least two significant 
digits for the measurement uncertainty.

The paper considers methods b) and c), which 
cause the greatest difficulties for domestic metrologists 
when presenting the measurement uncertainty in CMCs.

Presentation of the main material 
1. The measurement range, defined by the limits of the 
measurand and the corresponding expanded measurement 
uncertainty limits

This expression of CMCs is most common in 
domestic accredited calibration laboratories, when 
the range of expanded measurement uncertainties  
Umin...Umax for the range of input quantities Xmin...Xmax  

is indicated without providing a way to perform the 
interpolation. Usually, the value Umin corresponds  
to Xmin, and the value Umax corresponds to Xmax.

However, according to paragraph 4.2 b [3],  
“in this case, a calibration laboratory shall ensure 
that the linear interpolation is appropriate to find  
the measurement uncertainty at average values”.

To find the value of the lowest achievable mea-
surement uncertainty U at any point X in the speci-
fied range of the measurand Xmin...Xmax using the linear 
interpolation, one needs to use the formula [5]:

  U U X X
U U
X X

� � �
�
�min min

max min

max min

( ) .  (1)

If it is impossible to ensure the required accuracy 
of such interpolation in the entire range Xmin...Xmax, it 
is necessary to divide it into subranges: X1min...X1max, 
X2min...X2max, ..., XNmin...XNmax ( X1min=Xmin; Ximax=X(i+1)min ), 
in which the required accuracy of the linear interpola-
tion will be ensured. In this case, the measurement 
uncertainty shall coincide at the breakpoints, i.e. 
Uimax=U(i+1)min .

It is according to the above rules that the method 
of expressing the CMCs in the form of a measurement 
range, given by the limits of the measurand and the 
corresponding limits of the expanded measurement 
uncertainty, is implemented in reputable foreign 
accredited laboratories.

2. Explicit function of the measurand and/or parameter
When finding the appropriate approximating 

function, first, it is necessary to calculate the value  
of the measurand Xi and the corresponding value of 
the lowest measurement uncertainty Ui at n points of 
the range (Xmin...Xmax ).

To minimize the expanded measurement un-
certainty, it is advisable to choose the coverage factor 
so that it would correspond to the composition of  
the distribution laws of the input quantities. This can 
be achieved by using the kurtosis method [6].

It is advisable to find the approximating func-
tion Uap = f (X ) for these points using the least squares 
method (LSM).

If the approximating function is the m-th order 
polynomial:

   U A A X A X A Xap m
m� � � �

0 1 2

2
... ,  (2)

then its coefficients A0, A1, …, Am are found by  
Cramer’s rule [7] according to the formulas:

  A D
D0

0= ,  A D
D1

1= ,  …, A D
Dm
m= ,      (3)

where D is the principal determinant, D0, D1, …, Dm  

are determinants that are derived from the principal one 
and correspond to the coefficients A0, A1, …, Am. The 
order of determinants to obtain the coefficients of the 
m-th order polynomial is m+1. For polynomials of the 
order from 1 to 4, these determinants are given below.
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points   in   the   range   (Xmin...Xmax );  [ ] ,X Xi

i

n

�
�
�
1

 

[ ] ;X Xi
i

n
8 8

1

�
�
�

  
[ ] ;U Ui

i

n

�
�
�
1

  

[ ] ;UX U Xi i
i

n
3 3

1

�
�
�  [ ] .UX U Xi i

i

n
4 4

1

�
�
�

For the compactness of the presentation of the 
material, the determinants of the 2, 3 and 4 orders 
are highlighted in the above 5-th order determinants 
with the corresponding dotted lines.

To find the parameters of a polynomial and a num- 
ber of non-polynomial functions, one can display the 
calculated points Xi , Ui on a graph in MS Excel and 
use the “trend line” function. This function provi-
des the LSM-approximation of the functions listed  
in Table 1.

In this case, the accuracy of the approximation 
can be assessed both by comparing the graphs of 
the original and approximating functions, and by 
the coefficient of R2 determination calculated by the 
program, the value of which shall be closer to 1,  
by means of which the more accurate approximation 
is performed.

The relative approximation error can be calculated 
for the selected approximating dependence using the 
formula:

           �ap i
ap i i

i

U U
U

� �
�

100 ,  % .  (4)

The logarithmic, exponential, and power func-
tions implement the LSM for a linear function, 
into which MS Excel transforms the original nonli-
near function using the substitution of variables me- 
thod.

Table 1
Approximating functions of MS Excel

№ Function name  Mathematical expression

1 Linear (m = 1) 0 1apU A A X= +

2 Polynomial, order m = 2...6 2
0 1 2 ... m

ap mU A A X A X A X= + + +

3 Logarithmic 0 1 ln( )apU A A X= +

4 Exponential 0 1exp( )apU A A X=

5 Power function 1
0

A
apU A X=

[ ] ,X Xi
i

n
2 2

1

�
�
� ...

[ ] ;UX U Xi i
i

n

�
�
�
1
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Four more nonlinear functions, which are ap-
proximated by hyperbolic and homographic functions 
of Form 1 and 2, as well as by quadrature addition 
(Table 2), can also be transformed into a linear func-
tion, and the estimates of their parameters A0 and A1 
can be obtained using the LSM [8].

In the case of simultaneous presence in the mea-
surement uncertainty budget of contributions that do 
not depend on the value of the measurand and the 
contributions that are proportional to the value of 
the measurand, in documents [4], [9], it is proposed 
to evaluate the expanded measurement uncertain-
ties of these contributions separately, respectively, in 
absolute UABS and relative UREL form, and to record 
the combined expanded measurement uncertainty in 
CMCs in the form of ± Q(UREL  +  UABS). To find the 
value of the combined measurement uncertainty in this 
case, the following expression is used:

       U U X Uap REL ABS� � �[ ] .
2 2  (5)

It shall be noted that this formula is valid if  
both coverage coefficients when calculating UREL and 
UABS are equal to 2 (i.e., when assigning a normal 
distribution to both components).

3. Example of approximation. Approximation of CMCs 
of a calibration laboratory when calibrating a caliper

The best existing caliper was selected as the digital 
caliper ШЦЦ-I-150-0,01 (measuring range 0-150 mm, 
digital readout step 0.01 mm) [10].

Calibration of the ШЦЦ-I-150-0,01 caliper is 
carried out by the method of direct measurement of 
end gauges, which were used as working measurement 
standards and correspond to the 1st accuracy class 
according to DSTU ISO 3650:2009 “Geometrical 
Product Specifications (GPS) – Length Measurement 
Standards – Gauge Blocks (ISO 3650:1998, IDT)” [11]. 
Calibration of the caliper ШЦЦ-I-150-0,01 took place 
at the following points of the measurement range of 

Table 2
Other approximating functions

external dimensions – 0.5 mm, 21.2 mm, 51.4 mm, 
71.5 mm, 101.6 mm, 126.8 mm, 150.0 mm.

The dominant components of the standard 
measurement uncertainty of Type B are as follows:

1) Estimate of the correction for the discreteness 
of the digital caliper reading device.

Quantization error occurs in digital MIs and is an 
instrumental random additive static error.

The estimate of the standard measurement 
uncertainty of the quantization error is determined 
by the formula:

   u l q
B iX( ) ,� �

2 3
  (6)

where q is the resolution of the digital caliper. For  
q = 0.01 mm, u lB iX( )δ = 2.89 µm.

2) Estimate of the correction for mechanical 
effects.

Mechanical effects include the measuring force 
and the gap between the measuring surfaces of the 
caliper jaws.

Since the caliper is not equipped with a mea-
suring force stabilizer, the measurement requires the 
application of a uniform and sufficient force. The 
permissible value of the force of moving the frame 
along the rod for a caliper with a measuring range 
of (0 – 150)  mm is 10 N. This leads to a rotation of 
one extreme section of the rod relative to the other. 
The measurement error caused by this rotation will be 
determined by the formula [12]:

   �l P l L
E IM �
� �
�

2

,  (7)
where:

L is the measured length, mm;
Е is the modulus of elasticity of the rod material, 

Pa (Esteel  =  2 × 105 МPa);
l is the jaw extension length (  l = 40 mm);
Р is the measuring force ( P = 10 N);
I is the inertia moment of the cross-section of the 

rod mm4,  I = 843.75 mm4.

№ Function name Mathematical
expression

Substitution of variables
Linear function* ( )U U= ϕ * ( )X X= ψ

6 Hyperbolic 1
0ap

AU A
X

= + *U U= * 1X
X

= *
0 1U A A X= +

7 Homographic 
functions of Form 1 0 1

1
apU

A A X
=

+
* 1U U= *X X=

*
0 1U A A X= +

8 Homographic 
functions of Form 2 0 1

ap
XU

A A X
=

+
* 1U U= * 1X

X
= * *

1 0U A A X= +

9 Quadrature addition 2 2 2
0 1apU A A X= + * 2U U= * 2X X= * 2 2 *

0 1U A A X= +

ˆ
ˆ

ˆ



Український метрологічний журнал, 2024, № 4, 11-18 15

I. Zakharov, O. Novoselov, O. Botsіura

The measurement uncertainty from mechanical 
effects, assuming a uniform distribution law, will be 
determined by the formula:

          u l l
B M

M( ) .�
�

�
3

 (8)

The combined standard measurement uncertainty 
will be determined by the formula:

      u u l u lc B iX B M� �2 2
( ) ( ).� �  (9)

The data for calculating the combined standard 
measurement uncertainties of Type B at the specified 
caliper calibration points are summarized in Table 3.

Since the distribution laws of both components 
are uniform, the value of the expanded measurement 
uncertainty when calibrating a caliper is easiest to 
calculate using the kurtosis method [6]: 

      U k uc� �( ) ,�  (10)

where k(η) is the coverage factor for the confi- 
dence level of 0.9545, which was calculated by the 
formula:

  k( ) . . ,� � �� � �0 12 0 1 2
3   (11)

where η is the kurtosis of the measurand, which in 
this case is calculated by the formula:

      � � �
� �

�
1 2

4 4

4
.

( ) ( )
.

u l u l
u

B iX B M

B

  (12)

The values of kurtosis and coverage factors for the 
above calibration points are given in Table 3.

In the example of implementing the approximation 
for a caliper, the values of the dependence U = f (L)  
and the results of its approximation are presented in 
Table 4 and Fig. 1.

Table 3
Values of dominant contributions of measurement uncertainty at the calibration points  

of the caliper ШЦЦ-I-150-0,01

Table 4
Values of calculated CMCs and results of their approximation

Calibration point, 
mm

( )B iXu lδ ,
μm

( )B Mu lδ ,
 μm

uс ,
μm

η k(η)
Expanded measurement 

uncertainty
U, μm, p = 0.9545

0.5 2.89 0.027 2.89 –1.200 1.67 4.83

21.2 2.89 1.16 3.11 –0.913 1.82 5.65

51.4 2.89 2.81 4.03 –0.600 1.91 7.72

71.5 2.89 3.91 4.86 –0.652 1.90 9.25

101.6 2.89 5.56 6.27 –0.799 1.86 11.65

126.8 2.89 6.94 7.52 –0.898 1.82 13.71

150.0 2.9 8.21 8.70 –0.965 1.80 15.63

Measurable 
length,
L, mm

Expanded measurement 
uncertainty (СМСs),
U, μm, p = 0.9545 Li

ne
ar

Q
ua

dr
a-

tic

C
ub

ic

Ex
po

-
ne

nt
ia

l

Q
ua

dr
a-

tic
 

ad
di

tio
n

0.5 4.83 4.29 4.70 4.82 4.97 5.70

21.2 5.65 5.82 5.88 5.79 5.87 6.10

51.4 7.72 8.05 7.76 7.71 7.48 7.67

71.5 9.25 9.54 9.11 9.22 8.79 9.14

101.6 11.65 11.77 11.28 11.68 11.20 11.64

126.8 13.71 13.63 13.24 13.78 13.71 13.89

150.0 15.63 15.35 15.16 15.63 16.52 16.03
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The parameters of the approximating functions 
and their values R 2 are given in Table 5.

Fig. 2 shows the relative error of approxi- 
mation of the expanded measurement uncertainty 
(CMCs) dependence of the caliper by different 
functions, expressed in percentage, which is calculated 
by formula (4).

From Fig. 2 it is seen that the best approximation 
is achieved using a polynomial of the third degree. In 
this case, the approximation error does not exceed ± 1.9%.

In this case, the CMCs table will be like Table 6.

Conclusions
1. One of the essential criteria characterizing the 

CMCs of an accredited calibration laboratory is the 
lowest measurement uncertainty that the laboratory 
achieves when calibrating measuring equipment 
and which is expressed in the form of an expanded 
measurement uncertainty having a coverage probability 
of approximately 95%.

2. To minimize the expanded measurement 
uncertainty, it is advisable to calculate the coverage 
factor using the kurtosis method so that it would 

Table 5
The parameters of the approximating functions and values R 2

№ Function name Mathematical dependence Uanp  =  f  (L) Values R2

1 Linear 4.251 0.0740appU L= + ⋅ 0.9938

2 Quadratic 4 24.6348 0.05513 1.25 10appU L L−= + ⋅ + ⋅ ⋅ 0.9989

3 Cubic 4 2 6 34.7621 0.03837 4.27 10 1.34 10appU L L L− −= + ⋅ + ⋅ − ⋅ 0.9998

4 Exponential 4.9467 exp(0.008 )appU L= ⋅ ⋅ 0.9911

5 Quadratic 
addition 

20.00971545 30.5578appU L= ⋅ + 0.9964

Fig. 1. Caliper dependence U = f  (L)

Fig. 2. Relative error of approximation of the expanded measurement uncertainty (CMCs) dependence of the caliper by different  
functions, %: linear (-----); quadratic (‒ ⋅ ‒); cubic (——); exponential (— —); quadratic addition (‒ ⋅ ⋅ ‒)

mm

µm

µm
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Подання калібрувальних та вимірювальних 
можливостей акредитованих калібрувальних 
лабораторій у діапазоні вимірювань
І.П.  Захаров,  О.А.  Новосьолов,  О.А.  Боцюра
Харківський національний університет радіоелектроніки, пр. Науки, 14, 61166, Харків, Україна
newzip@ukr.net; oanovoselov@ukr.net; olesia.botsiura@nure.ua

Анотація
У статті розглянуто питання, пов’язане з формуванням “Сфери акредитації” калібрувальної лабораторії, яка 

акредитується відповідно до вимог ДСТУ EN ISO/IEC 17025:2019 “Загальні вимоги до компетентності випробувальних 
та калібрувальних лабораторій”. Найкращою мірою якості калібрувань, які проводяться калібрувальною лабораторією, 
є найменше значення невизначеності вимірювань, яке досягається цією лабораторією під час калібрування 
вимірювального обладнання відповідної категорії.

Проаналізовано форму вираження калібрувальних та вимірювальних можливостей акредитованих калібрувальних 
лабораторій діапазоном значень і розглянуто забезпечення належної лінійної інтерполяції для знаходження 
невизначеності при середніх значеннях. 

Для мінімізації розширеної невизначеності пропонується розраховувати коефіцієнт покриття за допомогою 
методу ексцесів так, щоб він відповідав композиції законів розподілу вхідних величин.

Запропоновано застосування методу найменших квадратів (МНК) для апроксимації калібрувальних та 
вимірювальних можливостей лабораторії при вираженні їх у вигляді явної функції вимірюваної величини. Для 
неполіноміальних залежностей їх необхідно спочатку перетворити шляхом заміни змінних на лінійні з наступним 
використанням МНК. Для полегшення апроксимації СМС пропонується використання функції “лінія тренду” 
MS Excel. Розглянуто чотири додаткові нелінійні функції, які апроксимуються гіперболічною та дрібно-лінійними 
функціями виду 1 і 2 та квадратурним додаванням, яке також можна перетворити на лінійну функцію, і за допомогою 
МНК отримати оцінки їхніх параметрів.

Наведено приклад виконання апроксимації різними функціями калібрувальних та вимірювальних можливостей 
лабораторії при калібруванні цифрового штангенциркуля.

correspond to the composition of the distribution laws 
of the input quantities.

3. When presenting CMCs in the form of 
a range of values, it is necessary to perform 
linear interpolation in the specified range. If it is 
impossible to ensure the required accuracy of such 
interpolation in the entire range, it is necessary 
to divide it into subranges in which the required 
accuracy of linear interpolation will be ensured. In 

this case, the measurement uncertainty shall coin-
cide at the breakpoints.

4. When presenting the CMCs as an explicit function 
of the measured quantity and/or parameter, the Least 
Squares Method (LSM) shall be used to approximate the 
calculated values of the lowest expanded measurement 
uncertainty. For non-polynomial dependencies, CMCs 
shall be first transformed into linear ones by changing 
the variables, followed by the LSM application.

Table 6
Excerpt from the scope of accreditation

№ Object
of measurements

Measurement 
range in which 

the calibration is 
performed

Expanded
measurement
uncertainty

U

Designation 
of regulatory 
documents 

for calibration 
methods

1 Caliper
ШЦЦ-I-150-0,01 0.5-150 mm      4.7621 0.03837U L= + ⋅ +

     
4 2 6 34.27 10 1.34 10L L− −+ ⋅ − ⋅

МК01:2024
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