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Abstract

The paper analyses available approaches to determining effective degrees of freedom when evaluating the expanded
uncertainty of correlated measurements: the GUM approach, the expressions proposed in the papers by R. Willink and
H. Kastrup, the approach proposed by the Authors, and the reduction method.

The simplest mathematical model with two input quantities was chosen as a test model, the results of which from
n simultaneous observations, distributed according to the normal law, are assigned only to Type A uncertainties. For this
model, the measurand corresponds to a bivariate 7-distribution with (n—1) degrees of freedom.

The analysis suggested that the Welch-Satterthwaite equation presented in the GUM approach, as well as the expressions
proposed in the papers by R. Willink and H. Kastrup, lead to an effective degree of freedom that differs from (n—1) when
the correlation coefficient and the ratio of the input quantity uncertainty contributions vary, demonstrating the unreliability
of these expressions. It was shown that the number of degrees of freedom (n—1) is obtained using the Authors’ proposed

method and the reduction method developed specifically for correlated measurements.
The paper presents an example of an extended uncertainty evaluation for resistor resistance measurements using the
voltmeter-ammeter method, demonstrating the agreement between the results obtained using the method proposed by the

Authors and the reduction method.
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1. Introduction

One of the main principles for evaluating the ex-
panded uncertainty in the Guide to the Expression
of Uncertainty in Measurement (GUM) [1], with the
presence of significant Type A uncertainty contribu-
tions, is to assign a r-distribution to the measured
quantity with degrees of freedom v, determined by
the Welch-Satterthwaite (W-S) equation.

In [2, 3], it was shown that for correlated data,
under certain realistic conditions, this formula leads to
a value equal to zero, which corresponds to an impos-
sible value of expanded uncertainty equal to infinity.

The expressions for calculating Vo in the presence
of an observed correlation between the measurement
results of input quantities, published in [4, 5], are ana-
lysed.

For the analysis, the following simple test mathe-
matical model is used

Yzf(Xsz) (1)
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of a linearizable function of two input quantities mea-
sured simultaneously # times, the measurement results
of which are correlated with the correlation coefficient
ria and include only type A uncertainties with the same
degrees of freedom v = n—1.

Result 1 of [4] applies to this case: “If any group
of input quantities is estimated from a set of »n repea-
ted observations then this group of quantities shall be
combined to obtain a single component of uncertainty
with n—1 degrees of freedom”.

In other words, if there is a group of L input
quantities X,,X,,..., X, the estimates (x,x,,...,x;) of
which are obtained from »n simultaneously performed
measurements x, (i=12,..L;, g =12,.., n), distri-
buted according to the normal law, then this group
shall be described by a joint L-dimensional #-distri-
bution law with the degrees of freedom v = n—1 [6].

Result 1 [4], as shown in Section 6 of this paper,
is confirmed by the implementation of the reduction
method described in [7].
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Below, the analysis of various approaches to es-
timating the expanded uncertainty of correlated mea-
surements based on the test model (1) is considered.

2. The GUM approach
A real, explicit, one-dimensional, linear, or line-
arizable mathematical measurement model is as follows:

Y=71(X,X,,...X\), 2)

where Y is the measurand; X,,X,,...,
quantities.

Having estimates of the input quantities x,, x,, ..., X,
one can substitute them into equation (1) to obtain an
estimate of the measurand:

X, are the input

Xy )- 3)

Based on the distribution law for variances and
covariances, the standard uncertainty of the measurand
is written as:

Y= 10X,

u(y) = \/Zujz (y) + 2r/,muA/ (y)uAm (y) + Zulz?z (y)! (4)

where  u,(y)=cu,(x;), uy(y)=cuy(x,) are the
contributions of Type A u,(x;) and Type B u,(x,)
measurement uncertainties to the uncertainty of the
measurand u(y); r, i is the observed correlation coef-
ficient between the results of simultaneous measure-
ments of the /-th and m-th input quantities; ¢, is the
corresponding sensitivity coefficient.
Expanded uncertainty is determined as:

U(y)=t,, u), 5)

where ¢, is the -coefficient for the confidence level
p and the effective degrees of freedom v ., calculated
according to the W-S equation:

ef?

u“(y)
ZN: ”ji(y) Z uBz (y)

i=1 ni_l i-1 Vi

(6)

Veff =

in which v, =n -1, v, are the degrees of freedom
assigned, respectively, to the standard uncertainties of
Type A and B of the i-th input quantity.

Applying test model equation (1) to expression (6)
yields the following result:

(c1 u’ + 2rclczu u, +coul)’

Veﬂ C M +czu2 ' (7)
Denoting the ratio il =oa, one can rewrite (7)
as: Gty
(07 +27,0 +1)°
Ver = T=Vﬁ- (8)

The dependences of the coefficient 3 in expression
(8) on a, as the correlation coefficient varies in the
range —1<r<1, are presented in [2].

The analysis of these dependences suggests that
the effective degrees of freedom Vo instead of the va-
lue n—1 declared in Result 1 [4], will vary in the range
from 0 to 8v as —1<r<1. In this case, at two points:
r=1and a = —1, and also at a » = —1 and a = 1,
the value B (and, consequently, v ) will be equal
to zero, which leads to the value of t—coefﬁment equal
to infinity, which has no meaning at all.

3. R. Willink’s approach

The paper [4] presents a general formula (26) for
the effective degrees of freedom for a model with N
pairwise correlated input quantities with correlation
coefficients r, and degrees of freedom v

4
uy

V= —— — )
[zc’clnlululJ /i

in which u, u, and ¢, ¢, are their standard uncertainties
and the corresponding sensitivity coefficients.

Applying the test model equation (1) to expression
(9) yields the following result:

Mz

2,2 22 2
(n=D(ciuy +2n,6,65U U4 +C1ty, )

Vc’[f: 2.2 2 2.2 \2° (10)

(i + 0 cu 410 ) + (1,005 U, +Couy,)

Denoting the ratio Slta =a, one can rewrite (10)
as: CZMAZ
(n=1) (o +2r,00+1)° (DB, (1
V, =(n— : =(n-1pB, 1
7 (@ +7,00 + (147,00’ an
where
(@ +2r, a+1)’
’ (12)

B ocz(oc—i-rl’z)2 +(1+I”1’20L)2 '

The dependences of the coefficient 3 in expression
(12) on a as the correlation coefficient varies over the
range —1<r <1 are shown in Fig. 1.

Analysis of Fig. 1 shows that the expression ob-
tained by R. Willink leads to zero values of the ef-
fective degrees of freedom at points » = 1, a = —1
and » = —1; a = 1 and also shows their variation
within a range from 0 to 2v with a change in the va-
lue of the correlation coefficient and the ratio of the
contributions of the uncertainties of the input quan-
tities. This result contradicts Result 1 of R. Willink’s
paper [4], therefore raising doubts about the use of
formula (26) in this paper to calculate the effec-
tive number of degrees of freedom for correlated
measurements.

4. H. Castrup’s approach
H. Castrup’s paper [5] also provides a general for-
mula (46) for v, similar to (9), in the form:
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Fig. 1. Dependences of the coefficient B in expression (12) on a when changing the correlation coefficient
in the range -1<r<l
Vr = (13)

Applying expression (1) to equation (13) yields the
following result:

22 22 32
v (n—=1)(ciuy, + 25,6051 414 + ChUt)

o 2n-1,5
2 2022 240~
Clul +cz“z+”12€1€2u1”2
(n-1)

I

- (14)

22, 20
+ 25, ,¢,¢,u0u, (cruy + cyuy )

. . cu .
Denoting the ratio ——4- = q, one can rewrite (14)

as: Gl
Vg 2n-D— 2(":22;27"12";” i —=@-0p, (19)
o’ +1+7,0 1) +2r,0(0” +1)
where
b= (o +2r,00+1) (16)

2n—1,5
(n=1)

4 2 .2
o +1+150 +27 00 ” +1)

The dependences of the coefficient 3 in expression
(16) on a as the correlation coefficient varies over the
range —1<r<1 are shown in Fig. 2 for » = 5 and in
Fig. 3 for n = 10.

N 4,4 N-IN 2 2 N-l N 2 2 2.2\
C U, 5 o o U u,. ciu; c;u;
1 1 ] 1

Z +Z R » v, +v,; + +2ZZF ceuu, —V +

V.

i=1 j>i i Jj

The analysis of Figs. 2 and 3 shows that for the
adopted test model, the number of effective degrees of
freedom is not equal to the value n—1 and differs from
it within wide limits with changes not only in the cor-
relation coefficient and the ratio between the contribu-
tions of the uncertainty of the input quantities, but also
with changes in the number of repeated observations
n. In addition, at two points of dependence (16), for
r=1and a = —1, as well as for r = —1 and a = 1,
the B value (and, consequently, v eff) takes on an unac-
ceptable zero value. This result contradicts Result 1 of
R. Willink’s paper [4], raising doubts about the use of
formula (46) in paper [5] for calculating the effective
degrees of freedom for correlated measurements.

5. The Authors’ approach

In [2], the Authors propose an approach to cal-
culating the effective degrees of freedom for correlated
measurements, accounting for the fact that the cor-
related input quantities shall be described by a joint
probability density function that contributes u,’m(y) to
the standard uncertainty of the measurand with degrees
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Fig. 2. Dependences of the coefficient B in expression (16) on a when changing the correlation coefficient
in the range —1<7r<1 forn=5
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Fig. 3. Dependences of the coefficient B in expression (16) on a when changing the correlation coefficient
in the range —1<7r <1 for n =10
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of freedom v =n-1. In this case, expression (4) for
the combined standard uncertainty, given in the GUM,
can be rewritten as follows:

u(y) = \/Zuil(y)Jr Z 0y () + 00y () + 2070 (D, (D) +105, (D) (17)

izlm

Then, the modified W-S equation, in the presence
of two correlated contributions of Type A4 uncertainty,
u, (), u, (y), will have the form:

u'(y)
iu;(y) N ZV: w4, () | 1 () + 2730 ity )+ 105, I (18)

n,—1 n-1

=
Vc' 7=

= Ve =L

Thus, for the selected test model (1), these effec-
tive degrees of freedom will be equal to:

o [0 (9) + 20,0 D)t D) + 05, DT
Tl () + 2,1 (O, () + 1, (DT (n=1)

n—-1, (19)

which coincides with Result 1 of [4].

Obviously, in the presence of three correlated Type
A uncertainty contributions u,(y), u, (¥), and u,(y),
the modified W-S equation will have the form:

4
s u (y)
Ve = » (20)
TSm0, § H0) o)
i=1 VBt i=l, nl- -1 n -1
J#lm.k

where
1
ul, (») = E[uiz () +u3, (V) +ul (1) +

+2rl,muAl Ouy, (J’)"'zrz,k”Az O (¥)+ (21)

+ 27y (W, (V)T } :

If all N Type A uncertainty contributions are cor-
related, then the modified W-S equation can be written
in the general form as:

. u' ()
Ver = N N-l N = (22)
2 D+2D D07y (V) (¥)
i=1

i i=1 j=i+l
+

i”;z‘ (63
o Vg n—1

The uncertainty budget for implementing this
method for two correlated quantities X, and X is pre-
sented in Table 1.

It should be noted that in the absence of corre-
lation between the results of multiple observations of
the input quantities, to calculate the effective degrees
of freedom, it is necessary to use the basic W-S equa-
tion (6) given in the GUM instead of substituting the
zero value of the correlation coefficient into expressions

(18), (19), (22).

Table 1
Uncertainty budget for implementing the method proposed by the Authors for two correlated quantities
X and X
Input Estimations of Standard Sensitivity Uncertainty
.. . - .. Degrees of freedom . .
quantities Input quantities uncertainties coefficients contributions
u, v,=n-1 u,(»)
)(I xl Cl
Up Vo uBl(y)
X X “a Vi =1, —1 c ()
2 2 u v 2 u (y)
B2 Bl B2
X/ X, Al Vy=n -1 3 uA/(y)
uBl vB] uBl(y)
X, X, “m Viw =1 —1 ¢ U, ()
uB’” Vl?m uBm(y)
XN x, U,y Vv =Hy -1 ¢, uANO})
Upy Van uBN(y)
Measurand Combined Effective Coverage Expanded
Measurand A standard .
estimation . degrees of freedom factor uncertainty
uncertainty
Y 3) (17) (18) t . U
PV
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6. Reduction method

The reduction method [7] is used when there is
an observed correlation between the results of multiple
simultaneous observations of two or more input quan-
tities. It involves reducing indirect measurements to
direct ones by calculating the values of the measured
quantity for each pair of correlated input quantities.

For example, if, out of N input quantities, the
observation results of the /-th and m-th quantities
are obtained simultaneously, then the implementation
scheme for the reduction method can be represented
as shown in Table 2.

For function (1) of two correlated input quan-
tities Y = f(X,,X,) with equal degrees of freedom
v,=v,= v = n—1 and in the absence of type B un-

certainties, the effective degrees of freedom obtained

by the reduction method will be:
u' ()

It should be noted that with

Vr :4—:n_1-
u! (»)/(n=1)

(28)

few observations of

input quantities, an imaginary correlation between their
results may arise even when there is no real reason
for it. Applying the reduction method in this case will
yield unreliable estimates of measurement uncertainty.
Therefore, before applying the reduction method, the
presence or absence of a correlation shall be verified

using statistical criteria.

The uncertainty budget for implementing the re-

duction method for two correlated
is presented in Table 3.

quantities X, and X

Table 2
Scheme of implementation of the reduction method
Input quantities Measurand
X, X, X X X, Y=f(X,X,,..X,,... X, ,..X,)
x, X, V1= S (XX s Xy ces Xpppsees Xy)
x, X, X, X, %, Vo = J(X Xy ey Xy coes Xppgseees Xy)
X, X, D i © T SR SR SR v |
_ 1
Measurand estimation y=y= ; Yy (23)
gq=1
. . 1 3 —
Type A standard uncertainty of correlated quantities u (y)= D) v, =¥ (24)
nn-— q:l
S 2 y 2 2
Combined standard uncertainty u(y)= Zum O+ Z (V) +u(y) (25)
i=1 i=l,
i#l,m
Expanded uncertainty of measurand Uly)= tp;vq,”(y) (26)
. u'(y)
Effective degrees of freedom 7 iu; ), i ul (y) . uw@y) @D
i=1 VB,' i=1,i#l,m n,‘ _1 n _1
Table 3
Uncertainty budget for the implementation of the reduction method for two correlated quantities X, and X
Input Estimations of Standard Degrees Sensitivity Uncertainty
quantities input quantities uncertainties of freedom coefficients contributions
X X Uy vy=n-1 ¢ U, ()
] ] uB] VBl uBl(y)
X . u, v,=n-1 ¢ u,(y)
’ ’ uBZ VBI um(y)
)([ xl uBI V1.'?[ c[ uBl(y)
Xm xm uBm VBm cm uBm(y)
X X Uy Ve =ny 1 Cy uAN(y)
N N
Upy Vey ”BN()’)
Measurand Measurand Combined Effective Coverage Expanded
estimation standard uncertainty degrees of freedom factor uncertainty
Y (23) (25) (27) Loy (26)
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7. Example: evaluating the uncertainty of electrical resis-
tance measurements using the voltmeter-ammeter method

Let us consider a method for evaluating the un-
certainty of electrical resistance measurements by si-
multaneously measuring electrical voltage and current
for five times (Table 4) using the GUM procedure [1],
the method proposed by the Authors [2], and the re-
duction method [7].

Table 4
Results of simultaneous measurements of
electrical voltage V and current /

Ne V, mV I, mA R, Ohm
1 0.9129 0.9075 1.005928
2 0.9787 1.0449 0.936663
3 0.9166 0.9757 0.939338
4 0.9543 0.9902 0.963666
5 0.9496 0.9382 1.012065
mean 0.94239 0.97132 0.9715
u, 0.01235 0.02341 0.01603

The correlation coefficient between the results of
repeated observations V and I was 0.77.

The uncertainty budgets for resistor resistance
measurements, processed using the proposed method

and the reduction method, are presented in Tables 5
and 6, respectively.

Comparative results of the measurement uncer-
tainty evaluation obtained by all three methods are
presented in Table 7.

From Table 7, it can be seen that the results ob-
tained by the reduction method are close to the results
obtained by the method proposed by the Authors and
are almost twice as different from the results obtained
by the W-S equation given in GUM.

Conclusions

1. The W-S equation presented in the GUM does
not account for the correlation when calculating ef-
fective degrees of freedom, which leads to incorrect
estimates of the expanded uncertainty of correlated
measurements.

2. A test of approaches to estimating effective de-
grees of freedom described in [4, 5], in the presence of
observed correlation between the measurement results
of input quantities, revealed a discrepancy between the
obtained results and those obtained using the reduction
method [7], which is applied in the presence of ob-
served correlation between the results of multiple simul-
taneous observations of two or more input quantities.

Table 5
Uncertainty budget for resistor resistance measurements when processed using the method
proposed by the Authors
Input Estimations of Standard Degrees of freedom Sensitivity Uncertainty
quantities input quantities uncertainties g coefficients contributions Ohm
0.0234 mA 4 -0.0234
I 0.971 mA -0.
? 0.01 mA oo 999 -0.00999
0.01235 mV 4 0.0127
vV 0.942 mV 0.0L mV - 1.030 0.0103
Measurand Measurand Combined Effective Coverage Expanded
estimation standard uncertainty | degrees of freedom factor uncertainty, Ohm
R 0.970 Ohm 0.0214 Ohm 13 2.21 0.0474
Table 6
Uncertainty budget for resistor resistance measurements when processed using the reduction method
Input Estimations Standard Degrees of freedom Sensitivity Uncertainty
quantities of input quantities uncertainties g coefficients contributions Ohm
1 0.971 mA 0.01 mA oo -0.999 -0.00999
|4 0.942 mV 0.01 mV ) 1.030 0.0103
Measurand Measurand esti- Combined Effective Coverage Expanded
mation standard uncertainty | degrees of freedom factor uncertainty, Ohm
R 0.9715 Ohm 0.0215 Ohm 13 2.21 0.048 Ohm
Table 7
Results obtained using the GUM procedure, the method proposed by the Authors,
and the reduction method
Method Measurand Measurand standard Effective degrees Coverage Expanded
value, Ohm uncertainty, Ohm of freedom factor uncertainty, Ohm
Welch-Satterthwaite 0.970 0.0214 2.6 4.53 0.097
Zakharov-Botsiura 0.970 0.0214 13 2.21 0.047
Reduction 0.9715 0.0215 13 2.21 0.048
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3. To correctly calculate effective degrees of free- 4. The example studied suggested that the results
dom in the presence of observed correlation between  obtained by the method proposed by the Authors and
the results of multiple simultaneous observations of the reduction method are close to each other and differ
two or more input quantities, the Authors proposed significantly from the results obtained using the W-S
modified expressions for the W-S equation. equation presented in the GUM.

AHani3 miagxoaiB 10 00YMCIeHHSA e(PeKTMBHMX CTeleHiB
CBO0OM 3a HASABHOCTI Kopejaslii MK pe3yJibTaTaMu
BUMIPIOBAHHS BXiJHUX BeJTWYHUH

[.M. 3axapos, O.A. boutopa

XapkiecbKull HayjoHanbHUl yHisepcumem padioenekmpoHiku, np. Hayku, 14, 61166, Xapkis, YkpaiHa
newzip@ukr.net

AHoTauis

[TpoaHnanizoBaHO BiOMi IMiaAXOAW 10 BU3HAYEHHST €(PEKTUBHOIO YMC/a CTENEeHiB CBOOOAM MpHU OLIHIOBAaHHI pO3IIMPEHOT
HEBU3HAYEHOCTI KOPEJbOBAaHMX BUMIpIOBaHb. SIK TECTOBY MoOjelb OOpaHO HAWMPOCTillly MaTeMaTU4YHY MOJejib i3 JABOMa
BXiITHUMU BEJIMUYUHAMU, PE3yJbTaTaM # OJHOYACHUX, PO3MOMIEHMX 32 HOPMAaTbHUM 3aKOHOM CIIOCTepeXeHb KOTPUX IPU-
MucaHi Juie HeBU3HAUYeHOCTI TuIy A. BumiproBaHiit BeqWuMHI JUIST i€l MOJEsi BiAIOBiIa€ IBOMIpHUIN 3aKOH PO3IOIiTY
CTblOIEHTa 3 YMCJIOM CTereHiB cBobomu (n—1).

Onucano niaxin GUM mig OlliHIOBaHHS HEBUM3HAUYEHOCTI KOPEJbOBAaHUX BUMipioBaHb. AHali3 HaeneHoro B GUM
piBHsiHHS Benmua-CatTepcBeiiTa mokasaB, IO JUIS TIPUMHSTOI TECTOBOI MOENi po3paxoBaHe 3a L€l (OpMYJIOI0 YUCIO
CTereHiB cBobonu Oyae 3MmiHloBaTUCS Bif Hyas 00 8(n—1) 3a 3MiHM 3HAYeHHsS KoedilieHTa KopeJsiii B rpaHuugx =1 Ta
CHIBBIIHOIIEHHS] BHECKiB HEBM3HAYEHOCTI BXiIHUX BEJIMUMH Yy rpaHULSIX too. ¥V nBOX TOUKax L€l 3aJeXKHOCTI epeKTUBHE
YUCJIO CTEIeHiB CBOOOAM HAaOyBa€ HYJIHOBOTO 3HAUYEHHS, IO MPU3BOIUTH O HEMPUITYCTUMOTO HECKiHUEHHOTO 3HAueHHS
PO3LIUPEHOI HEBU3HAYEHOCTI.

VY crarrax aBropiB R. Willink ta H. Castrup 6ynu oTpumani Bupas3u i posimmpeHHs ¢hopmyau Bemua-Carrepcseiita
Ha KOpeJibOBaHi BUMipIOBaHHs. AHaJli3 1IMX BMPa3iB 3a JOMOMOTOI0 BUOPaHOI TECTOBOI MO MOKa3aB CYTTEBY BiIMiHHICThb
OTPMMAaHUX 32 HUMU ¢(eKTUBHUX YMCEN CTEIEeHiB Bin (n—1) 3a 3MiHM 3HAYeHHsI KoedillieHTa KOPEJISIIii Ta CITiBBiTHOIIEHHS
BHECKiB HEBU3HAYEHOCTEH BXiIHUX BEJIMYMH, 11O CTABUTb IiJi CyMHIB CIpaBeIJUBICTb LIUX BUPA3iB.

[IpoaHanizoBaHO 3ampONMOHOBaHY aBTOpaMu (POPMYJTY ISl pO3paxyHKy e(EeKTHUBHOTO Yuciia CTENEHiB CBOOOIN 3 ypaxy-
BaHHSM CITOCTepeKyBaHOI KopeJsilii. [jisi mpuidHATOI TeCTOBOI MOJie/li BOHA MPUBOAUTH O YUC/a CTeNeHiB cBoboau (n—1).

AHAJIOTIUHUI pe3yabTaT OTPUMAHO JIsi METOAY PeayKlii, po3po0JeHOro CreliajJbHO IJis BUIAAKY KOPEIbOBAHUX
BUMIpIOBaHb.

PosrnsiHyTHii y cTaTTi NMpUKIIan OLIHIOBAaHHS PO3LIMPEHOI HEBU3HAYEHOCTI MPU BUMIpIOBaAHHI OMOpPY pe3UcTOopa Me-
TOIIOM BOJIETMETpa-aMIlepMeTpa T0Ka3aB CIBMAMiHHS Pe3yJlbTaTiB, OTPUMAHUX 3alpONIOHOBAHWUM aBTOpaMU METOIOM Ta
METOIOM DPEayKIIii.

KiniouoBi cioBa: HeBM3HAYECHICTh BUMIipIOBaHb; KOpEJsLisl; e(eKTMBHE YUCIO CTETNEHiB CBOOOIU; piBHSIHHA Bemua-
CatTepcBeiiTa; MeToA peayKllii.
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